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THE BASIC UNIT IN MEANINGFUL LEARNINGes

ASSOCIATION OR FRINCIPLE?
(A Set-Function Language)

Joseph M. Scandura

University of Pennsylvania

Theoretical development in educational paychology has been extremely
slowe A major reason has been the lack of an explicit language with which
to discusa research on meaningful learning and teaching. As MoDonald (1964,
542) has put it “e.coccasional attempts to make a confusing conceptual
formulation understandable are not sufficient. Conceptual clarity means (a)
sp: - - fication, stated in terms as neafly operational as possible, of the bee
havior involved in a task or method; (b) some delineation of the range of
phenomena included and excluded; and (c) precise description of the appropri-
ate tests."

Stating research objectives and defining variables in unambiguous terms
is not sufficient. The teaching~learning process has all too frequently been
studied 4in terms of traditionally defined categories. Much research has been
of a frugmentary nature; similarities and esaantial_differencea have gone une~
detectede The variables chosen need to have general relevance, not be inex-
tricably related to the question at hande Without this characteristic, re-
search findings, almost of necessity remain isolated.

To provide a substantive base for their research, educational psycholo=
gists have frequently resorted to the languages, paradigms, and theories of
the mother science of psychology. Mediational elaborations of the S-R lane
guage,.operant conditioning paradigms, and more general, but less well speci-

fied, cognitive theories have been populare




Each approach has important limitations. Fran ome point of view, par.
simony suggests that the properties of overt 5-R associations should also

be attributed tu mediational links, Yet, practice has shown that medistional

interpretations become increa.singlf,' curbersone and legs precise as situations

becaone more complex. Similar d4ifficuities have plagued researchers who have

used operant techniques to study mesaingful verbal leﬁrning. The resgults

simply are no vhere near as clear in complex man learning as they are in

the “Skinner Box." It is increasingly recognized, for example , that know-

ledge of results 1s not directla( enalogous t.o feeding a pigeon and that, in

5 any case, other factors, such as subject matter structure, are probably of - ° .
greater importance in promoting efficient learning (e.g., Bruner, 1960; Gagné,

1961). A general limitation of cogaitive theories is their relative impreci-

% sion. Typically, ‘cognitions" are either not clearly specified in observable
1 ,

te.ms or are.only prtiauy defined.

A most important ocutcome of recent colleborstive etrorté between educa-

tional psychologists and subject matter spacialists has been to focus atten-
tion on the close relationships between tésk and method variables. Subject

matter educators and psychologists have increasingly come to realize thet re-

L S

search on meaningful learning and teaching must, on the one hand, deal with

observebles (i.e. behavior) and, on the other hand, with subject matter struce

ture. Little of scientific and practical value to education can be accomplished

1'I'hese criticisms in no way deay the importance of existent psychological
theories, The S5-R theories have proven invalueble in dealing with simple lesrn~-
ing while cognitive theories provide much needed structure and explanatory meche
anisms for extremely complex phencmena,




fauacd

by talking about either unobsemblé mental processes or structure-free (1.e,

rote) materials, There is need for a precise lang‘uage, couchied in cbservables,

. which also provides for the description of péycixologically relevant ‘subject '

matter charmcterlstics. | | |

A Set-Function Lensuage (Si‘Lj has been deviéeq to meet ‘this need. By dis-
regarding certain of the subtleties involved in 'aimpler' forms o.f learning, while
representing gross characteristics, the Sﬁ. mekes it possible to deal with nany
questions relating to meaningful learning and teaching in a precise manner.
This 1a.nguage not ouly provides a symbalic means of describing certain reseax'ch
problems, but mekes it possible to cons:ldexj structural and behaviora], questions
simultanecusly. |

There are several vays in-which the SFL can be used to make research on
teaching and le_arning more explicit. First, léarning.objectives. can be well de-
fined (Cagné, 1965). Differences in learning type can symbolically be represent-
ed. Second, distinctions can be made between presented information. It is pos-
sible, for example, to specify the difference between presenting a principle
(i.e. rule) directly as opposed to presenting an instsnce of the principle.
Third, the important question of "wha% is learned™ can be pointedly dis;:ussed.
The sort of stage thecry of instuction and problem eolving, to which Gegne (1962,
1964) alludes, ultimately will depend on t-he ability to assess learning type.
After establishing the acquisition of specific knowledge, the question alua'ya.‘"%-
maine as to whether the learning was rote o1 meaningful. Fourth, predicti‘bnn can
be stated in unequivocable terms which relete to the other distinctions made. |
Only bybeing able to discugs relationghips between inputs, prior knowledge, and

the criterion task can research, on meaningful leerning and teaching, expect to

nake substantial progress. |
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In addition, the SFL can handl relatively cauplex situations with the
precision of the S-R mediation J.wguage without, be;ming cumbersomne, Applica-
tion of the SFL to persistent proklems has not only prcrvided clari;ication, by
abbreviating arguments, but has helped suggest new 'questilons and meformulate
others.

In this paper, the SFL iz described 1ts relationnhip to the 8-R Med:lation

Language ie explicated, a methodology is ;presented tor a.uesaing vhat is lowd,-
' and & variety of research queetiona are (re)formulated in. texms of the BI‘L a.nd

the related asaessment. meticdology.




SET-FUNCTION LANGUAGE

The cosentisl differsnce between.the 5.R mediation langusge and the SFL
is that the associetion is the basic unit in the former whereas the SFL makes
central the notion of a i:rim*.iple . Principles are symboiica]..ly repreéented |
as functious, f, whicﬁ mathemetically are sets of ordered S, R paﬁa:t. of a par-
ticular type.t Hesponses are norwally symbolized, £(8), so as to .indiéaté
their functioral dependence on the stimuli, ) _

In Table 1, 5-R mediation and set-function formulations of bagic lel;ming |
‘types sre contrasted. The mediation fomtions are all in terms of S-R

acde LT T T3 0 T i gy

 Insert Table 1 about here.

associations; the SFL formilations are all based on the notion of a mnction
(1.®. princigle). " In each case, 'principl_es act. 'qé rules of the form "If A,
then B" where & ard B may or nay ot be concepts (c.f. Gagné, 1964). Accm .
to the SFL, a concept is a "degenerate” pr;l.nciple, one in which there is a .

L3

comnon response (i.e. the function takes on only one value througbout its
stimulus domedn}. A discrete SR pair 8 sioply e one-element principle.? -

Yonly those sets of ordered peirs, which satisfy the mathematicel definition

of a function, are considered here. A set of ordered stimulus-response pairs is
a function if and only if each stimulus men_zber is paired with exactly one response,

o) .

“Examples of cach of these learning types sre 2asy to came by (c.f. Gagné,
1964). The classification scheme proposed here, however, is not. based on the
assumption that the more complex forms of Jearning (e.g. principles and concepts)
are based on simpler types (e.g. associaticns) as was Gagné's (1964) system. More
18 said about the dependence of ope prineipie on another in s later section,
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Multi-Stage

-

m:ad.-.bescrigtion . Mediation Set-Function .
Simple Chain.- A chain of Sers-R . g°f-{[s,g-f(8) ]}'
discrete stimulus-response ‘ 4.

connections :

vhere ;a{['é,f(s) ]} ’

and g={ [£(8),g-7(5) l}
are 'indepe'ndently determinable
H#Chain - of Px;inciples.-. N ©om J A
A chain of rules : . b=U gL, l[si,g;.’f:](s.i)‘] | i=l,..qn
) . 1

and =1,... )n}

where f, = {[si,fj(si)] | 1-1,,,..'.,31}
for J-]'.;.h...m -
endge {[fJ,g(fJ)l I J=1,..L.,m}
are i:ndependently observaole rples

# The mediation schemata have bLeen simpliried by 1étting the symbol, rs,
represent both the mediating response and the response produced stimulus,

#* The mediation formulation shown is one reseidble way f modifying the S-R

language s0 as to represent the notion of a principle. Gagné (196k) has
offered a non S-R schems. :

4% There are various weys of eambining rules, only a set-function formu-
lation of one-type is giyen. Any ‘mdiation representation would be extremely

_complex.
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bartun and:t:oxm cqm\ents an the sing,lz mge parwd*tw in »r.me 1'are in
orde': Fust. cmider the deﬁnition of; a concept 'm m sitmtiona, an :

that 12 required u for each of mem ctimii tc bo_paired vith a comon

‘. ax

response, Xor other upermen’otl p.n-:zasaa the atimli mwt be multi-dim- A
" “- ." .

sioned. Rn.thar than representing such diffcmh by usins one«and “two ataaa
S-R association pamdigns, the distincti(m is made 1n the S‘ﬂa by considerinc
sets of ordered pairs in which the number of diﬁerenf. mnctrms varies, Wnen

the stimuli are discrete, diffexent rulea are involve& but. the response ia J E

.?
k4

idzntical The rules mig.ht be, o3 (the etimulus i8). %, then \the responee ;n
dog; It bj.ug, then dog; etc.". Hhen the smm are nmlti ainnwiom .

LA

"iiﬁ&le mle m suffice -- e. g? "ye mge, tben dos, . 4‘

Anather point of dtacuasion 1nvolves *Eba ccmpiexity of an St aesocd.st,im'} |
*epcrecente.‘bian of [ x:rinciple., At 1«31; ‘two nats o mediating stinnii and ne» ,
'.ple of the fom | "I.f (the ats.mulua in) hrse, then (the xesponae 13} me nme
of the atimlus color." ‘l‘be meﬁiatéra rq and rl' ' in Table 1 reprtsem the g

_ relationsh?.p betwean the S-R’ paixs compriaina sueh Q principle. Tt is cec- v
B tainly reasomble to thin}: of the aumu (large colored obJecta) as eucw
a coamon response ro! (large) of ra’ elieiting rs" (color), and. of b S
| .eliciting sach of the ne;ponaes (color mms) Sl‘his hreakdown does not hoveww
» 'mdicate why the vesponses belong to their rea)ebtive stimuli.' The second nt W
1o -

. mdiahera, the ¥3_; i-l,... ,n, sexve thia purpose.

5.

. . ; o4 ) - .
i a » ” _’ﬁ o

1It is iwperiant to mote that th@ re alone althaush they tie the corres-
ponding stimulii and regponpes together, fiil to represent the relatiouship bea
tween the pairs. - Such relationships am crititak to the SFL approach becauss’ e
they provide the bans for the aba«»ssmen“ me%uodolosy described in the next oG-
tion. ‘ \ . . ”




vater."  Thus, t might consist of the pairs, (W,W) (hot cold) (tal].

“short),. . . or the pairs , (army, navy), (airpert a*icmﬂ: carrier), (con- T

Recognizing the difficultiea mvolvea, Gagne ) (1.961+) orisiml represen-
tation of p:inciple learning 4id not use the S-R ungxm\ge,, but rules of the
form , "If A, then B, ". yhere A and B are con..eprta. He represented concepts an@
simple forms or 1ee.m1ng in S-R tems. Because ct‘ thee continnity bresk between
the concept (S-R) and principle (rule) echemata in Gesne £ classiﬁcation ayo-
ten (1964), Tracy Kendler (1963#, 322-323) raised the question of whether nev
properties emerge et the principle level ‘rhe sn fomulation shown in Tabl.a )
auggests not only that new properts.es emerge, But that. thpse pmper;iee can Loy :
form a basis for simpler forms of learning a3 well. . R | ::-"' .

The crucial argument in favor of uaing the rule, rather tm the assocu-
ticm as the basic bebhavioral uni’c ig that ot aimpl.icity. 8~R representationl
- of principle lumins (iet alone the leaming of saveral principlés related m
varicus vaya) are cumberscme a.nd are not likely %o be useful in dealing v*th
research questicns on complex leaxning gmd teaching. o

One vay of cdnb:lnmg principles (1.e.° diacrete pnra concevts or pwinciplu)
is by chaining, ‘A aimple chain }.ﬂ:«e "&m—navyaaanor" can be repreaented
[s,g -2(8)], vnere [s,2(8}] ava. tt(s) g.f(s)‘ correspond to "am—navy" and
"navy«aailor " respectively. i BRI AT : {;‘*’:".‘.__‘;5' R

Pomulating a verbal chain :m the m meﬁts s m diretbion for re- SRR
aearch in that area. ’I‘he principles, 3 and’ g& eoind mh consist of only om |
. padrs. On the other hand, £ might be of the rom, “iﬁr ﬁn word-luml\u retew },1; .
to one end of & sea)e then. give the.word vhich refexn ta the ottier end" TR

4

‘"7 the atlmulus rerers to lanﬁ then give an analogcpias word vhich refers B0 .-

] 0 ]
5 . . e O
. [y 4 . Y ] =
. .
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tinent, pcean), « & e ..The principle, g, also could have any one of several
referents. If the operating princible could be identified prior to 1earning
e test list, rather specific predictions could be made. The assessmert meth-
odology described in a lat er section would have relevance in tﬁis fegard.
Another possibility is that the princip;e‘referents themselves are manipulable
(e.g. by cxperimental instructions).

What appear t¢ be still more complex situations ofﬁen yield to SFL analy-
ses. Consider a task like stating a rule for finding the sum of particular
arithmetic series. The initiating stimuii are the series, the mediatirg re-

sponses are particular series types (e.g. those series consisting of consecu-

tive odd numbers beginning with one) and the responges are the formulas. that
can be used to find the sum of any series of that form. The task méy be repre- ‘ i
sented by §§1git where f is the rule, "If the series is arithmetic (1.e. there
is a common differerce between terms), then the type of series depends on the
first term, the last term , and the magnitude of the common difference," and

81, 8p, ... are, respectively, "If 'odd,' then N, " vIf 'even,' then N + N,"...}
In effect, classical learning types can be represented in the SFL by

specific kinde of principle and chains of principles.

Ihere is a one-stage formulation of this situation in vhich the stimuli
again are arithmetic series and the common response is the general formula,

A . LN for finding the sum of any arithmetic series,

L
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1l
PRINCIPLE REIATIONSHIIS

A scheme is presented in Figure 1 for classifying relationships between
principles involving stimuli with the same diwensions. To illustrate each of
these relationships consider a set of stimuli in which the attributee are eize,

Pl ] ot | | \'\. ’
Y
\\....-// \..-/'
DISCRETE '/’" :(" ~ ORDERED
)
S\/
OVERLAPPING

g, 1. Three types of relationships hetween urinciples. Each circular regiom
represents an identifiable principle. ’

color; and shape. Iet the two principles be "If large, then color” amd "If
amall, then shape." Since it is impossible for an object to be both large
and swall these principiss have no instances in common and are said tc be

discrete. The principles, "If triangle, then color” and "I large, then color"

have some instances in comnon, those with Jarge triangular stimuwii. Eech prin-
ciple also has additional instances of its own -- e.g. small triangles 2ng
large circles, respectively. Such principles seem adequataly described as
overlapping. The principle, "I triangle, then color” is aore general than

the principle, "If triangle and large, then color" since the former inclades
w1l instances of the latter plus some of its own. Such principles are ordered.
Genexality.~ Scandurs, Woodward, and Lee (3965) hawve shown that whe behavior

Induced by presenting statements of ordered principles conforms t3 expectaticns.
Two experiments were conducted, the independent variable in both canez being
principle generality.-

fa the first experiment, each group of 17 college Ss was presentad with
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iXiustrobive exsmp .2 vas veried indspendendily of principle genarelisy.

The yateern of rewdts in thig axpovinaut wes 8,008t idrniinel te that 4in
the orereding evpesiment. lome O ha D& ol Lyl o problen, bayond the scope
of Sher prlneiple B sagomsed, whehize an S¥ENpLE W3 or twan nod glven,  Fowny
R o7 e 15 Sy ishe sl ";5:3;! Weareyedy Solvld g molt pensral nroblem
Crpoan) wasesag A8 solrd prelden ow asd 1A osaivn prabilen o {(pl.CCh).

i wag shieivubziovo v coatepbel AtPfwrence 1 0 agans raquived for
Jetermining the muder of ieras in bhe third proble. seriee and in the
othars, including whe auawpisz. ‘

Noaetneless, thase resulds sexbalaldy Juskify 4he ordering of verbal);}
presented orinciples #3 %o generality, jerticudarcly win possibly inter.
fering 2xamples.are noh psed. ~
Pbstractness.- Iv eddition oo beenefer cotinhial, som. Of the principles
differed 24 to Isexnabdiity. The B raie, In eXpEOIIent one was sj_gnii"i..
ently eesicy %o lesdrn, as judged by problex one perforssns , than wewve
wne rades $C end & (o007 1 botb ckses).  Thews v euf2mi ally ne dif-
Teyeace n Jeerring rvied 99 asd 4. Me caticipsted Linding o Qifference,
Auae br geverallity,” wetieen "ns lailer g;r-.:mys ue well and; c.z'i@;.ﬁ;a,uy;. we
werg tempted to stivibute i lack of such an &dfect %0 $oal? Lisensitiv-

ity in the lowey ringes.

Puvthaer snedyeis of the situstion, hatever, indicsted that e myles

\"q

mey neve differed £& Vo intoerweishiliry. Tuwo pospible explanationt

quggesied vhemselves.  The malss 8¢ and 4 ware both sore complex. i Ga
Laar ohas there w3 move t. oraouser, snd mere abstract, in that comgre
wending L1.2. avndying) a fwnd rple Por determining @ muber has mors pro

I e 2ot g e ‘4 3 U
SeTANEALLEE LHal O '*"mmz..n.s; A .ned Avio qrhas.

S P v R 1 b - —_
L. ghoudd be nobed thst the rules wmere not steted in & forw whien

seaid allbow Che Ss bo disemaginate behwesn pro‘ﬂe*ns wwere the rule was

wnd was nod fsa;,r":nri e. Tn affeat, a1% of th2 rulss were of the formw,

ows s & nalbern b0 the gaoe whicn will ensole you to win whenaver you

are pilowmed o0 r,zﬁ; iz fives 2agsnion. Yeou must; aowever, make onh ap-

progrinbe Tiret J21eciic: and cam crossed aseeoding to & specific pattera.”
Tads pro erez ma iz in prssidle be alse obtaln informetich on regponse

conm:mmngz waich is Yiscusand in o later gecticn {Astessment Methodol OEY } ¢

L;u >- .
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Since I have gone this far, let me go a little further and suggest
& behavicrally relevant definition of abstractness. One statement of a

principle is more abstract than another if the set of prerequisite prin-
ciples of the former properly coatains the corresponding set of the
latter. That is, the more abstract the priaciple statement, the more
prior knowledge is required. According to this definition, "If (given
sn) odd series, then the sum of the series is obtaired by computing N°
vhere N is the number of terms in the series,” 1is more.atstract than
- "If odd series, then the sum of the series is obtained by multiplying
the mmber of terms in the series by itself." Being able to give the
appropriate product when told to compute Na, vhere N = specific inte-
ger, 1s prerequisite to applying the rule when stéxed in the former
manner. The latter statement makes no such requirement.

According to this definition, the representations of & particular
principle can'only te partialiy ordered according to apbtr&etness.
Plgure 2 indicates how various representations of the principle, Ne,
may be placed on an sbstraction lattice. The middle represei:tation
on the left and the one on the right are not directly comparable. In.
the former case, § néeds to understand the symbolism N (i.e. N X K)
and, in the latter case, S needs to know how to find the numb'r of
terma in an cdd arithmetic series. Some of our recent experiments
(Scandure, 19652, 1965b) suggest that unless S can cperationally
make use of a term, statement, or rule; &n explanation of s mor: com-
pliceted rule using these notiocns is eséentislly not. understandihle
{i{.2. can not be used effectively).




1€

| Fina ¥; conpute ¥ ]

/ S ' . 3 S

Explain how get N; compute N L 'Fi_.'nd N; compute N :x N |

S \\

S . .| Explain how get N; compute N x X

stractness

ng 2. A rule for obta.ining the sum of odd arithnetic serier presented
0 et virious levels of abstraction.: The statements "Expliin how get K"
e;Criptiva .

. and "%onpute N x N correspond to,\statements, in . c.\nmon olace
terms, A"finding F" and "camputing.§°," respectively. '

T URTARETE TR ATU AT e T T T ST T

Junctive principles, pr:lnclplea ‘of the form, "If A and B, ‘hen C." As
vith concepts (e.g. Bruner, Goodnow, and Austin, 1956) , 8d:junctive

NS ERETET TR

" pringipies are of the form, "If A or B, tlen c." 'l'he set properties
2 ot principles, however, i.ndicate that every dia;junctiva prin.ipla can
be expressed as the union of two or more com\mctive pr&ncipLes with
a common "then" clause. Thus, the upion of the principles, “re: A, the:
" @," and "If B, then C," includes exactly the swme instances ¢3 does the
' Aiejunctive principle, "If A or B, then c.”
In &n entirely anal'.gun fasghion, dis,junct.ive ﬂoucepts (o.q. » Bruner

cgmctim»gisaunctiona- Bo. far, reference hes 'tgeen vade oniy to con-
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&t 81, 1956) correpspond to ‘two qr mpea canj"tmci;i% cobicepts with. 4.
comym response. When looked st in 'thi'zz‘i'a:«siz:im &% 48 ot haréto
see why Gisjunctive concepts are harder %o jenn '%ﬁm'"n cemu}zc%' %
cencepts.  There are move concepts to learn and afs Ay ?x: hﬂrder %0
l=arn twe or wore concepts than it is one,l_- ' C

lﬁymbolic logic can be vsed %o synbolize the rela.timsaips involved

in conjunctive end disjunctive principles. . For example, principles of
the form, “If A end B, them C and D," "If A or B, then c, " and "If A,
than 3 or C," may be symbolizad ss:

() (A - B) .-.-:. {c -=n;;
{2) (A v B) ===;>__c, and ‘
(3~ AD (3 'xj. ), ruspectively.

This use of the bta‘cmen* logiz: ia aim.taf o thnt 'by Ande.rssm
{1964) to analyzs S5-R mediation theory. The jsttors.A, B, £, aad D,
pey refer to stimuluz cves snd dimensionsd or ¢y noined stisuli md
responses. We am,r the nesé to consider yrinciplsd of the form, 3

{see footnote p. 21). I% is beyend the scope ‘cf “his paper to more .

fully consider the relationsiips batween the 8PL. and the statement
10;;*.,. .

4=
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FOMINAL. AND FUNCTIONAL STIMULI

80 fa.r sthmli have been treated as \mitary eleunts. 'me:lr multidi-
mnlioml nature has been considered on].y midentally. In sta.ting the prine
eiple, "If large then color " for exanple reference is mede to both the size
and color cues of the elicitm otimlus. |

In the S-R language,’a dutinction 5.5 often mdc between nom:l.nsl a.nd '
~ functional stimuli the nominal st:unulua referring "o that phys:l.cnly preeent .
o.nd the functional " st:lmlus to that aspect ot the stmulus vhich determines '
_the overt or. implicit response. ' : , ,

In the 8ML, 1n vhich the prmciple bocoms the fundamental unit, not only
.il the nominal-functional diltinction.mlintained but tunctional gtimuli lre
- classixied as to role. A mnctioml atinulus my aervu to ‘cue a. prineiple '

/'(esg. large) or & response (e g. color). 'l'he tomer is denated a principle
. 1dentifying cue” ard the lstter a "reaponse detemining o.ttribute.".l
| A principle Mentirying cue(a) is cnmon to thc et:lmlus mubers of. each
.;uutance of the pr:lnciple. A response detemim.ng attriwe-p or cmbmtion
of attributes varies 1-1 with the response emberu vhen m otber deteminiug s
att.ributec remain constant._ COnsmer ) princlpie repreuntod by a atatement
of the form, "If a, then B and c" vhere & refers to the cmon phy sical stim-

" ulus proper't.y and B z.nd C Fefer +!.> di.mensionu (1.e. chssea of plrysical stime-

D i v %

.~ lmpe s-R languags considera only reaponse determining cues and, in fact
_there is no apparent nead in the S-R: 1 ge to make the above distinction ex~
* capt possibly in discrimination learning ; Principle and response identifying
cues are idgentical in ample association and-concept -learning types. With re-
spect to the palir, l* Rug # probmbly serves both functions. In concept learm=
ing, involving wulti-dimensional stimuli, the functional atmulua (e.g. "red")
a.luo serves to both cue the’ principle and the responae. '




ulus cheracteristics). Each of the principle related stimuli have the prop-
erty a and one value of the attribuies B and C. The responses, whatever they
ere, vary vith B and C. If the value of B (C) is held corstant, then the re-
sponses depend uniquely on‘g:(g). Vith respect to the principle, "If the
stimulus is large, then thé response is determined by the color and shape,"
a correspcnds to large, g‘to color, and C to ghape. 2
The responses may be merely the names of the color and shape properties
or they may depend on tbese attributes in 8 more subtle fasﬁion. For examplé,
the principle might have been,
"If a eeries 1s arithmetic, 1 then ta.. responge is determined uniquely by
(1) the first term in the series (A) the last (L), end the number of terms
(N) according to the formula ( f-')N "

The stimulus attributes (A L N) again detexmine the responses, but they exert

this control via an algebraic rule rather than by "naming” colors and shapes.

2 Notice that verbally stating principle (1) and having S learn ‘o repeat

: the definition verbdally would not guarantee that S could use the principle.
Being sble to identify instances of & principle and to determine and cambine

the response identifying valueé are prereqnisité.to uSiné (1.e. "understand-

E ing") the principle. This undoubtedly is what .people like Bruner (e.g., 1961,29)
have in mind when they spsak of. the learner acquring & sort of wvexhal,

glibness without true understanding.

It is also worth noting that the generality of a principle depends on the

number of stimulus dimensions that vary with the responses (i.e, the number of

*In this case, a common difference between terms would be the principle
ldentifying cue.




2l |
resporise identifying attributes) and the number of principle identifying cues.
Thus, the priuciples, "If large and black, then (the response varies with)
shape" and "If large and white, then shipe," may be considered special cades
of the principle, "If large, then {ihe response varies with) color and shape."
The latter, more general, principle at cnce has fewer identilying cues and more
ragponge determining d*mﬁsiona than the other two, more specifie, .ﬁ-inciph:mo
In effect, it aypears that critical responze dimensions are traded off with
critical principle identifyizg cues. The more general the princ'iple, tha: more

stimulus attributes vary with the responses; the more specific the orinciple,

the more stimulus properties.are required to identify the principle. fThe total
number of critical pr&perties remaing constant.l

An example from the “real worlld" indicates the non arbitrary nature of
this iavarient. Consider the prineciple, "If an arithmetic series has & comuon ;
difference of 2, then the aum is given by {A + ¥ - 1)N. The principle iden-
tifying cue (within a population of arithmetic series) is that of a common
difference of two between adjecent terms. The responses vary with A and N
(vhere A is the first term of the series and N iz the number of terms). |

The stimuli within the scape of this principle are all arithmetic series
having & common difference of two. They differ as to the 2irst term of the
series and the nurber of termg. A specisl case of this principle might 1nvolve;
for sxample, only thosze aeries heginning with the nuaber one {an addi-

ticnal identifylng cue). Here, the sume {i.e. responsee) would vary exclu~

aively with the mmber of terms, as given by the formula (1 + N - 1) N = N2,
Gether apecinl cases can bhe similarly derived. The sssential point, sgain; is

11 have said nothing about the need for prinsiples of tha form, "If A, ,
then B or C." I am of the opinion that such probabalistic respinse dsterminaiiun
13 more epperent than real and results, primarily, from cur insbility to idemtify -
those etimulus properties, D and D', distinguishing the principles, "If A.and D,
then B," and, "It A and D', then C." : . ' T
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the constant number of eritical stiwulus pcrbpertiea.l

an invarience can be stated and eadily pzwed s & thearen. hm
some definitions are required.
(1) A stimulus cue is said to help identify s principle if the cue is comson
to all stimuli within thr srimciple domain,
(2) A stimilus dimensic. . combination of dimensions (when dmemiom are
correlated) is said to .. .p identify & respouse if the values of this dimen-
sion vary 1-1 with the responses when all other stimulus dimeneions remain
fixed,
(3) P15 & partition of a principle, f, if P = filizl,...n‘ vhere

a 1: 7‘3 g

In words, a set of principlea 2, partitions anctheér principle, f 11‘ an S-R
pair is a.n inatance of £ if e.nd only if it id¢ .an instance of cue ot the
principles (f,,i=1,...,n) in P and no S-R pair is an instance of more than one

of these principles,
(i) A partition P is said to be nonredundant if for each £, 121,...n, & cons

stant number of the responee idantifying dimensiovs of £ remain constant over
fi' It only irrelevant dimensions of f are held constant, the partition is

eaid to be redundant.
The theorsm and its proof follow directly fram these definitions, -

Theorem. Given a principle defined over a set of stimuli, then any nonredun-
dant pa partition of £ preserves the number cr;.tical stinmlua properties.

Proof; By definition oi‘ a nonredundant pextition, at least one of the respome
1dern.ifying dimenslons remains constant, Suppoze x dimensicns remain constant.
Then, by definitlon, there are k more principle identifying cues for each prin-
ﬂ:l.plc in the partitmn. Therefore the number of critical cues is invarient,
Actually, a complete fomuJ.ation of thig prcblem requires that a precise
definition be given to the notion of a dimension (c.f. Beatle, 1961). This is

beyond the scope of the present papor.

ekt ahall 2 Bk




KIIOWLEDGE ASSESEHENT
that 4s learned. cannitment to e Me-spproach to research on complex learne-
ing and teaching necessitstes attention Lo knovledge aosessmeits  Suppose, for

axm:pl that stege-one consistis of leamins the list shown in Flgure 3. 'mese

pairs could be learned as four distinct single-pair pxinciplee or aa 1netauces
& , Black : ® , Sl
D s thite O ’ Lazre

Fig. 3. Feur S ,R pairs involving two p_rinci'_pleﬁ.

of two or more general principles, nge triangle, théen color” snd "I2 circle,

then size." Such differences in stege~one learning could critically affect

learning or performarce during stage-twa.
In this section, the concern ie w*th a methodology for a.sﬂeasing, xm_u .

mmd The general approach ie &n outgro'wth of some of our carlier reseacch.
Greeno and Scandura {1965) found that in @ ‘verbal comcept learnimg situation,
S either gives the correct response the first time he sees & tvansfer stimulue
or the transfer item is learned as 1its c:om,vOl.]‘

The present author later reascned that if transfer obtaint on the ﬁrat
trial, if at all, then responses to additional transfer items, under certein
cenditions should be contingent on the response given to the first transfer -

stimulus., In effect, a first transfar s_tuiulua could serve es o test %0

——— e, ¥

posms

Lrhe stmuli were Underwood and Ricbardson (1956) nouns, the responses: were
" pomgense syllables, and the 1iste were léarned by.a selr-paced :mticipation methal.
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detersine waas nad baen Lzarned durling stage-cne, thereby wiiing it pozeible
1o predict waah responge 3 wond g'isn: to n second wranefer shimnlus. The
sl e 0F 0 piibat sbudy were vavexliag,  in thosa emges whevs transfer po-.

L)

- 2ae aeaond sab oF stimuli conformes
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to prediestion in ¥8 :f #2 cazes. In Suis ptudy, 3 war wllowed to make & ree

5 ,

7

sponse which indicz%:d shnb d0 relail.relliy ves noted ‘betsﬁea the learning
avd, test meterizle, Witheut this contrel, correch responses tc a transier
stixulue world bave scourred by chancs in sboubt 1 oub of L cases,

& eimilsr wethodology was used in the cuse of principle lesining -~ aml

the results were identical. Ykerever the Ss rﬁ:apoéﬂed to cne test stimulue )
in accordance with & principle; thay alse vesponded, eccording to the 'pr:i.n-'
¢ eiple, on subsoquent stimidi.
Foe dllustrot.ve puuposes, a.ga.m consider fm. paira, shown in Figure 3.
N Tagoiny afuer the wiars are leavasd, for the :%.cqui_si'ﬂ:i.{:-n of the priaciple, L |
: . :
*if smangle, then eoior,” mihs coasist of presanting the 'si;m.x}.usA. -

The rosposse "whita® would ladicats that Yhe p::'m::iylx wng opersting. The

anticlipabed response 3,.H,, wuld e ”bm 2" If the stimuli were outeide-

P

the ineiple domain or, iudeed, Lf the princ §:9ie had nict dbeen acsquired, no
such predicticn oould de wada,
Taere are Ty mJjor questions that osp be aghed ¢f the .w.ssssmmt methode

plegy d2acribed sbove. Under what conditions can type ¢f learning be vaelidly

agsesssd and undey ¥hot conditione Coee regponse cousistency obtein? The
ubility of 1re ssspstmert procedurs i largely Qeperdent on the evild t:,r te

‘ .
ponbrol sueh fachors.
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In order to answer the first question, the erfective variables and an
acceptable criterion need to be idetltif‘&'d. One such net .of variables con- -
cerus the instructions given betore the original 1eax‘n1ug md bct\recn the
oriy.nal learning and the first tea‘c. A feanible criterion againat wh:ch to

coupe.re learning type, detined in uema of 2, teat relponse, ‘18 S's verba.l re-

»
I

port as to how he aeurned the items axxd/or as to the basis for his test respomes;
 The predictive value of the mthodology degcrited 1s dependent, on know-

| 1ng vhen S will emplay the 'same reapondins m Consistency of reaponse to -

the t«eutmatimuli may be influenced by feedback as wel]. as instruction varia- |

{ bles opcrating tetween the Liret md aecax;& test respomas. The effects of

positive, neaat:hre, and peutral rcin;roreqnent of the first test :cesponse my -

be crucial. Telling 5 how he should resmm or. indicating that the "rules
have chmged " by him. .or choice of test aumnli w dso artect. response

j | cmist&ncy' On the other band,. auggcst.mg that the ﬁrst reaponle is ap:proo
. priata nay encourage uge of the same reepondj.ng set on the eecond test. 'In
our pﬂot exper:uvnts, § was told tha;b he m ccrrect re@.rdlesa of how he 're-
.lponded to the test 3timli. e al.no waa encouraged to respond on the basia .
of his prior lu.ming. In ertect the expar:lmental aituation Was designed. to ' ‘
m centrol end capitaliza o, M,m tm- a.smqmt and predicuve pur- « a
xme Under these \.ond:luom, .resmnu eopsistency! ébaae& on both p:rinciple .. "

B '~ LI
'\ K . .t v \ ‘
v: oLk

u\d concept. 1eam1ng, wu near perfect. v : . .,:.f.;_-,,:,«\. ..
Contrast the va.mbm described heze with thou mre typicallar mnipu-

1 oLus o SR—— 1 . w——— '

J’In the stuav by Bn;mlm'a hondnr& qnd. m (1965), many of thoae Junior; .
4 high schosl Ss who vere presented with the -rule *50x50" am:arontl,y recognized
t the inapplicedility of the rule to the transfer.serdes,” They falled to. pornn_.,
in using the rule taught whéreas.the- othey gr(mps Here: ‘bl ahly m'ifuieut. v 3
reason for this difference was attributsd, by the’ ‘Authors, to yﬂor leaminq e
which indicated to the §s that th!!‘ulea, andm m c.hang:d RETIARR
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lated in psychological settings. The laiter variasbles, to which we refer, are

those which might sZfect the probabtility of principle learning. In the situa-
ions described, such variebles become boundery cenditions to be altered so
+hat the desired proportion of .Sa gttain & perticular principle. The assesss -

mert methcdolow describved vas &esiz;ﬁw‘*’ mly to de'temine "what is lea“ued"

'and when thet ].eaming a.ffe 2t perfoma.nco

N Tre cacesspent pmolaw, of craxae, in not. alma as simple u has been
dcpieteed. It has a.}.ready baen pcinml out that ditferent principles frequexrbly
‘mve ingtences in comon {e.g. ordered and ova*]apping primiples) In order
to ‘determine which ore of wo {er we) principles are opevating, it is essen-
tm that the test m: balong only to uhP mim ple fin question. '

: With actual susject watiers s a.dd tiw,l i’actors sre involved In the rirsi-

' plnce, it i3 not al uraya easy to epeuify uniquely ;t.he ‘na.s:l.a for an overt responae.

Theré is cften more. than one mfh tG the geal. ‘As an illustration, congider &

eltustion) in whics S i asked to sovgute 35 h’&g * 35 551 as rapidlv a8 poss-

Cble. B con lsboricualy mitiply 35 tinen W9 nod 35 tises 551 and then add the

Mﬁts ¢ he can a’ecﬁe,nim,c a,hie 83 an iwstance vhem tha distridutive pr1nc1~

<

.. m.ta would a.llaw hin to cm;aute jﬁ?«{%}*&il}ﬁﬁ 1cm=35 oca Clearly, it is nott
!"che rwpanse alom whiﬂh dememnes what ia ltmrned (i.e. tbe "way® in vhich

,,tbs prohlen is solvd), but the "tame it w:es o :mspmd If the c»mct anmr .

ib givan in a shor: vime, the z}istributwe prirciple v«aa pcrohably used uivinz s ¥

".

‘t;ha corvect antmer in a relats, vely loog time would likely indicate the usual " . “
eiampt:at‘&timml rule, If S gives an ancorrect sxnswer or i!‘ '&hs problun 1s 8O .. . "
z»aasy that there would be Javele tim di,ffemmsl mw\ Ster hmr 8 doo- the " : ‘

v',‘ . ,‘r -:' \J "a

. . RN l DT = B .
~ -'&‘-',( (A 0 1 bos T

[ I PN . A o

At

. . - L
w! S P W £PIVAG METC) LI PRT - ﬂ-w.li-n.‘.r m 'a.um " i l.._

*Sugh & situstion sceurs im the Lvnivem‘ity a’ﬁ hxinoia Schcol Mathematica -
W’“‘ (Juck Eagely, pemmm com soatfon). ,_




A

g{ -

omputations further com:plications are introducedo

In order to better epecify the &owc'e cf en obsewable behuvior, the care-

,ﬁd. selection of test stimuli and reaponses is oasentm Ideally, these ele~ ' ‘

ments should not only indicate tbe J.imihood ot the particnlar mspomma‘
in uestion, but should elim,natc alls othnz' altematlvea. Although probably not

at‘t.aimble ‘this ideal cen be approached in pany cases.,

Anotbnr problem 1nvolved in work with actual subje ct m.tters is that of cm-

" plexity. More than one pr*nc:\.p;e may, and usually dces, enter into a single test

’ .reaponae. To determine the learning underlyi'xg the ‘Tesponee, it 18 often neces-*

sary to 1ndiv1dua.11y assese for esach primiple. ‘!:n other cases, it may be suf— '

ﬁcient to simply teot for the a,cquisition of ’che con,junction of yrinciples, as-

pects of the cmnpound yesponse orten provide :Lnfomtion about the elementary
principles. - For example consider 8 game in which the two players e.lternntely

gelect numbers from s specified sel or consecutive :l.ntesers (including 1) md

. keep & ‘yunning aum', the wi.zmer being the one who picke the last number in a seys’

ies with a predetemined sum. If this zuws 48 31 and the aet cona:.ats of the ine

,teserz 1-5, the plsyera select mmbers from 1-6 until the cumlative sun is -
,-. eithcr 31 or above (m which case no .one ’wina) There. ia a cwpound rule which
allows the player, who goes first., to .win any such gamo, "Divide one more than’

 the largest mmber 4n the set into the dosived oun - pake the remainder the ﬁr-t'

ckoice - on subsequout trtea,ﬂ conaistently aelact that mmher which when added to

the opponent's preceding chotre smnu ta one more thm the largen number in the

| :wz-,; mm are actmll‘v o principles 1nvolved me involvins selection of

the ﬁraﬁ nunber an&.the other myplving.,quxence_ cl_:oiceso To’ vin consistent]a, B
s v .4 .

both principles may be employed, oizo a.tterth\a. other;_ The acquisition of each

?

¢




-

i3
Gz

principle can be determined by analyzing distinct aspects of the overall game plan.
In many test situaticns, there are few available responses from which to

choose (as in True-False and Multiple Chioice tests). Under these conditionms,

there are additional problems of assessment since there is a nhigh probability

of giving any particular response (by guessing) irrespective of learning type.

A similar problem obtains in assessing concept learning. There are at least two

ways of overcoming this problem: (1) present more than one test stimulus and (2)

include appropriate controls (e.g., Greeno and Scandura,(1965).

How to leari.- In addition to assessing what is léarned, the problem of assess-

ing learning process may also be considered. ‘Although the problem is consider-

ably wore complex, the methcdology involved is but a simple extension of that
usgd to assess learning type. In addition to presenting to-be-learned materisl
and detérmining by assessment, vhat is learned, a second set of materials mﬁst
be presented. Assessing what is learned, in the second case, would then provide
a basis for comparing the manner in which the originéi and test (second) displays
are encoded. This paradigm can be represented by:

Learn A, present A test stimulus, learn B, preaent B test stimulus whereas
the original assessment paradigm is represented:

Learn A, present A test stimulus one, (present A test stimulﬁs 2).

More is said about this problem in the next section on applications.

l9his problem has much in common with diagnostic work. There are also strong
similarities with Gegnd's {1962) approach to task analysis. Alithough it is beyond
the scope of the present paper to show chat it is so, there is strong reason to
believe that the SFL can be used to make thege procedures more explicit. Such
precision may be a necessary adjunct to more sophisticated diagnostic technolo-
gies.

1




APPLICATIONS

In this section, a variety of persisting problems ere formulated in SFL
eérms. In most cases, the. assesament method gy,a¢ Plays an ‘*“nr+aht-role=
Problems involving paired associate (PA) principle learning, expos;tory and

discovery modes of instuction and cognitive development are considered.‘1

b:

Principle Learning.- The question of relationships between S-R pairs seems so

"lation is accomplished by selecting two principles, "If the stimulus is black,

obvious, and so basic, thet one vonders why it has not been studied extensively.
Because it provides a simple’'context:- in which to contrast mediation and set-
function formulations, the problem is described in same detall.

Consider a PA context in which the relationships between four pairs are. |

varied while the other factors are held constant. In Figure 4, such a manipu-

L A X T X Y X X X X ¥ 3 F¥ B X ¥ X N _JX X ¥ ¥ 32 J G e SN GG TG R T U AP S A P GO @ WP AN A R AP T A G SR T W ON M LD O TS TP GRS M NG B8 OO G0 WR A0 A0 T G A e w0 oD - av ab e

Insert Figure 4 about here.

L 2 T 1 N T L X R N X0 F L & X 2 ¥ X X 2 X 1 L J A L A R 2 L L R X 1 2 & X % 2 X i L X X 2 X X ¥ W ¥ R _J % L X1 T 2 ¥ ¥ £ L ¥ X Y ¥ .7 Y Y J L T X X X ¥ ¥ ¥ % X J

then the résponse’ is the name of its shape" and "If wbite, then size." The expers .

lOther areas of potential application include human performance (e g. Posner,
1964) and task analysis (e.g. Gagnd, 1962),

Responding to the stimuli in Flguie 4 would constitute an information conser-~
vation task according to Posner's (1964) classification scheme since there are

four stimuli and four respunses. According to a previous discussion, such perfor-

mance could, however, be based on the acquisition of four one-instance principles
or two two-instawce princlpLes. In the latter case, the task could conceivably
act more like one of information reduction (Posner l96h) In effect, performance
{latency) could depend on the learning underlying the performance. It is beyond
the scope of this paper to go further 1nto this aree, but the poteatial implica-
tions are clear,

The task analysis procedure of breaking down skills into components seems to
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imental stimuli, correspéndmg to these principles, are ail either black or

vhite and have scme well-known'(by the Ss) shape and size. The responses are

simply the shape and size names. .In the experimental list, tvec pairs correspond
to each of the two principles, .Note that the coﬁtrol respt;nsea and stimulus prep-
ertiea (i.e. size, color, shape) ara mem‘:-ical vith thoae in the experi.mental |
list. In addition, the reepnnsea in bcth cases, ‘sre names of one of the prop-
erties of the correspounding stimul:l Any differences in the leamability of these
1lists would be hard to attribute to anything ‘but the presence of relationshipa be-

tweon pairs in the experimenta.l list. }
‘The mediation description of the 1ist contingencies, even as modified,
leavex. much to be desived, The yepresentation of principle leam:lng 18 rela-»'

e e

‘. tively complex and would have been ever more 89 hsd we not let the.rs mpreaant

' the typically- made discinétion between the media.ting responsty and their uguned
- stimulus properties. A more crucial limitation {s that the chain diagram simly
would not meke clear. vhy R, is. the overt, mpunw 40, Sl, nther than R,, vithout
the addition of the more direct tm-s?casc chaina involving the T8, (iul,...,h)

As 1.ndif:ated previously, this 1-1 pairing does not‘. follow from an unal;njn ot the .

s

. I
S — - _-:_--uu - o—— r . "

be quite amlogoua "to detemﬁ.ning thone leamings pre iaite to s pa.rticular
principle. The reader is referred to Gagné's w:itings e.g. 1962,1964, 1965) for
a more detailed account of these ideas.

11¢ may appear that an appropriate contml list,. gould be conctructed by
the seme stimuli and responses in rundom tashiori, Alas, this turns out *

not to be a criticel control. Any differences between the groups can be attribe
uted to pre-experimental associations between stimulus properties {e.g. shape)
and the corresponding responses (e.g. sbape "names”) rather than to relaticnships
betveen pairs. These considerations dictate that prior learming be either absent
or equivalent in both groups. The SFL requires that none of the control pairs )
have any (cbvious) relationships {1.e, no principle includes more than one pair)..
The experimental iists shovm in Fig. U meet these requ;rementse !




S~R 1links in the chain.

In view of tﬁe increasing difficulties implied in dealing'with still more
camplex problems, We ‘cannot help but recall pfe-Copernican epicycles and re-
lated attempts to salvage geocéntric theory. H§W'much simpler when the facts
are expressed in the SFL. | |

Judith Anderson and I conducted e pilot study that is relevant. Ita!pur-
pose wes to determine: (1) the effects of the number of instances per pripciple

on the probability of principle learning and ocn the rate of learning and (2)

relationships between principle léarning and learning rate.

The materials to be learned ccnsisted of ]iets of 12 pairs similsr, 1n
type, to those shown in Figure 5. Each stimulus had a prcperty relating to
nhape, borders, shading, outline and cclor. Four colors and eight values

of the other four attributes were used to meke a total of 32 stimuii. The

STIMULUS - . RESFORSE. .

dashed

Mg. 5. This sample pair is cireular, shaded with crosshatches, outiined in
dashes, has two borders, and is black.

resgonses vere labels attached to one of the non-color stimulus properties, x
Of the 12 pairs in each list, gix were instances of one péinciple (¥6), three
were instances of another (P3), two were instances of a third (P2), and one
was an instance of a fourth (PL). In each case, the principle iRentifying

cue was a color and the response determining class was either shape, borders,
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shading or outlire. The four i&entifying cues and determining classes were
randemly paired to form four principles (e.& If black, then shape) , Which
appeared equally often under each condition. | '

The PA 1:‘.s£ was learned by the ainticipation method to a criterion of
three consecutive srrorless trials. To :ieterm;né whethexr the principles had
been acquired while le@xing the pairs, each S was shovn two edditional lists
of four stimull each. In both lists, one stimmlus was associated with each
principle and each stimitlus eppeared only once, Respording according to the
principle was presumed to indicate that the principle had been learned.

~ Prior to learning the ori.gin;nl J1st, each of the 20 college Ss was pre-
trained so that he was familiar with the stimﬁlﬁa'(iimensions and could name
each stimulus property. Thege :.responees vere typed on a card ard vere alwgys'
available to S. In addition, 8 was told that a pattern was inyolved which
might, facilitate his learning a.nd guide his éespm' ses to the transfer stimuli,

The dspendént ve.r'iables were the average nuﬁber of e::rors per instance
for each § (en each of the four principles) and the mxmber of appropriate re-
sponses to tte tc-et stimuli {tvo for each principle)

Fxcept for a very small reversal between trea.tmente P3 and: P2 the awer-

age nupbexr of errors per instance decrensed with the nunber of instances per
principle: 5.0, 3.4, 3.5; and 2.7, reapectively (M 0@9, ar=3/76, p( .05).

' fhe difference between PL zad P2 wws significant (¥=5.358, dt=1/76, p(-OS) .

but none of the other adjiacent mezens differed significantly. Apparently, the
rate of learning increased shérpl;{ with the eddition of a second instance
+then tapered off. .'
The aumber of appropriate responses to the tz;antﬁ'_er stimuli was also

affected by the number of instsnces per principle. There were 27, 8, 15, and




j

9 appropriate responses giveﬁ to F6, P3, P2, and Pl transfer stimuli. Al-
though the trend was not entirely regular, a sign test indicated that the de-
gree of principle learning was highef in treatmcntn?G than in the average of
treatments P3, P2, and FL ( 2 .=2.6, p<;005).l |
Another analysis deménstraxeﬂ that learning rate was related to ¥ p?in-
ciple learning. Of those 9 38s who responded appropriastely to both P6 test -
stimni,® T had below median (2.61) error ocores; ind;céxing more rapid
learfifgi.of those 11 Ss who responded aépropria&ely to at most one. test
s;;;uius, 8 had ggggg_mediaﬁ error scores. An exact test (Finney, 19L48)

indicated a significant relationchipbetween principle. iearning and learning

.rate (p¢.035).3

e

17t might be ergued that the difference in the number of eppropriate ree
sponses vas due to there being more responses per category (e.g. shape) in
treatment P6. Yhen in doubt, the Ss may have tended to give a response from
the most frequently ‘experienced category. A comparison of the average nunber -
of P6 responses given to the F3, P2, and Pl transfer stimuli (16) was not
significantly higher than the ten P3, P2, and Fl responses given to the P6
stimuli (p} .10). . .

214 should be noted that the provability of giving twe appropriate ree
sponses in a row by chance-guessing is one out of 16.- This fact precluded
the possibility of obtaining s;gnificantrelationshipsmdxh regpect to the
other principles. Only 3, 5, and 2 8s gave both desired responses to the
P3, P2, and Pl test stimuli, respectively.

31t is interesting to note that Erickson (1963), in studying the von
Restorff effect in a paired associate task, also obtained results which were
difficult to explain in terms of relationships between stimuli and responses
(1.e. stimulus and response discrimination) rather than between pairs.
Erickson (1963) found that an S-R pair which differed 'from the others in the
1list only in terms of the relationship between the stimlus and the response
was learned faster than the other vairs. .

ERIC
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Exposition and Discovery.- Previsus studies involving expository and dis-

covery modes of instruction have no-t'been entirely consistent, even when
the studies apparently have been well controlled {e.g. Craig, 1956; Gagné
and Brown, 1961; Haselrud and Meyers, 1958; Kersh, 1958; Wittrock, 1963).
Part of the difficulty has been due to a lack of consistent teminology
(e.g. see Wittrock, 1963), but other problems are not so easily dzsposed
of. Thus, Wittrock (1963) found that rule given groups performed better
on a tranafer test than did a discovery group. In the Gagné and Brown
(1961) study, however; the re.sults were reversed.

"In explaining the results of such experiments, recourse is' frequently
made to "what is learned" (e.g. Gagné and Brown, 1961';'.Scandura, 1954+
Wittrock, 1963). Unfortunately, such explanations are not only post hoc
but are without ohjective evidence independent of the experimental re-
aults to be explained. A more plausible alternative may be to make exe
plicit an a priori distinction between logical and behavioral factors.

Consider first some of the experimental factors involved in learning
by exposition. Frequently, & rule is presented directly and the §s are
tested to see if they can give appropria.t'e responses to stimilus exem-
plars of the rule. The s2¢pe or generai.ity of the rule, however, is |
rarely made explicit. This has not often caused real difficulty since
scope normally is determined rather directly. Still it is important to
note that scope is a légical ;re,riﬁble dependent: entirely on relationships '
between the rule and its instances. The;-e are no behavioral questions |

' involved.
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" The 1oé1cpl factors involved in discovery treatuents are more subtle;
yet, they are at least as jmportant. Teaching by discofery«mually involves
presenting one or more instances andfor test stimuli and/oz; cues, hints, and
othér {ndirect guidance as to how S a’sz;nld "pm.cess"- information. - In one
form of d‘lncmry, 8 is presented, in tum, with ee\mul ingtances of -a
principle and then is. asknd to give the corx'ect response to the stimalus
member of a new 1natam:e. In eftact, the lmner is required to cbstract

a principle, much as he wuld in cancept l.eaming I‘n another i'orm of d:.s-

cmry, thc leu'ner 15 shown ondy atimlm and is: given d.irection as to hov

he nght dcteminc the correct- respeme In both coses, the "disbovery

of principles xliso neeesmuy involves” leu"nmg haw oa __c_gg___ principle;.
| . - The generality of the cues and hinte given \mld dztemino th& rmge ot o R
2 . =app11cabmtry of the processing mcde and the nnmber and mmu'e ‘of such. " . |
cues wnd hints would determine the likelihood cf acqumng sich 2 node.
o 'At one extreme, this could invol.ve 1eu:rniag to acquira a sﬁ.q::&e prs,nciph

with no direction .and, at the other extrew, mvolve beins told & h:lgher

S order principle for detemmm & brosd clads o subordinato principles. « )

Again, logical facters appcar %0 be &3 cmcm n.a behavim' variahlea in m

Sl d ki

determining outcomes. = -'-;', “'a;,-; S o -"*-,." SR T

. L T T e . ' ..‘ N ,' .\‘ i]_ . _-'-t.\'.?:"

Unfortunately, there haa ‘neen u'ot,ie &ttalpﬁ m atudiel on ezpoaitld) ‘

Y2

. and discovery,. to predetermine ralmdmnhipa hetimw tent stﬁ.mli and :563: u""_ _" S

... sponses and presented information. The. Lolly of not dci.ng S0 Tedomes ia&;«
creasingly apparen* as more and more stu'*.ies, molving aouphx uterm f‘f f‘.
demonstrate thel strustural factors .can-be (and usM are) uore hpor«

N _{,\ . . _'b . .'- ‘., :
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tant than traditional’behavior veriables (Gagné, 1952;'ucandura, 1965h;
Scandura ani Behr, 1965; Scandura, Woodsard, and Iee, 1965).}

Determining relationships between presented and test materials is a
logicael problem. What S does with the information (i.e. test performance),
however, is & behavioral question and depends'bn a varisty of factors, -not
tﬁe least of which is the ease with which the présented meterial can be
learned (Scandura, Woodward, and lLee, 1965). In the study described earl-
ier (Scandura et al, 1965), predicting perfomance was largely & structural
problem ccntipgént primarily on learmability.

Nonetheless, most researchers {e.q. Cra;g, 1956; Haselrud and Meyers,
1958; Kersh, 1953; Kittle, 1957; Wittrock, 1963) have Ta?led to distin-
guish between variables affecting what learning can obtain snd variables
affecting whether learning does obtain. Treatmenls have difiered both in
their logicel relationship to the test materiels and in ease of learning:
This.has not affectéd the validity of the results, but it has pade them
difficult to interpret. It is impossible to present really de:initi#e
analyses of most studies in this area since there has been 1o systematic
attempt %0 pre-experimentally specify structural factors. ¢ be defini-
tive, criterion measures, as well as treatments, need to be chosen care-
fully for specific purposes.

In the Wittrock study (1963), for exmmple, rule (given-zot givén)

and answer (given-not given) were independently menipuleted. The rule

llopical analysis has. probably not been so crucial in traditional
laboratory studies since, in most cases, relationships betwee: presented
and test materials are quite direct. -
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and answer given grcup (RA) effectively was presented with two rules --

one specific to one preblem and the other of a more general nature. Whi.ch
rule (if not both) was learned by a majority o%iés would depend on their
relative ease of learming.t The rule (R) and answer {A) given groups had
no such cnoice. Group R was shown the gereral rule and a stimidus on which
to apply it. The £ Ss were shown an instance (S~R pair) of the rule and
were given directions to discover it.

Rule learning may have been harder than answer learning, but only
rule learning made i£,possible to perform succesgfully on the‘leagning
test which consisted of a new instancg withir the scoﬁe cf the rgle.

The no rule-no answer (discovery) group wes required to discover
the rules indeperdently as were the A Ss. The.A‘§s,'hayever, had thé
advantage of seeing an instance of the rule. -The performance of these
groups on the learning test gave some indicaticn of the difficulty of
the task with which they were confronted. Tpat tﬁe RA Ss performed
somewhat more poorly than did the R Ss (p=.06) suggests that having an-
easy to learn answer svailable mey have detracted from learning the rule.

After three weeks the rule-given Ss were better able to solve new
prcblems based on new rules than were the discovery Ss. How was tﬁia

possible? Unfortunately, it is 1mpossiblﬂ to tell for sure. An intengivee

analysis of the ten rules actually used would .be required. All that

can be said with certainty is that the discovery §s found it harder to

1In the study by Scandura, WOOdward, and Lee (]96;), the "answer
given" groups learned best.
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learn the rules than did the rule-given Ss. The discovery Ss were forced
to discover rules iﬁdependently, those who were "succ.:esst‘ul pe;:hapa also
a.cquiriné skillq appropriate for discovering new rules.l The ruje given
Ss were merely required to learn rules. The mach higher level of learn-
ing in the mle-.given- groups :ugay have more than ceupensated, so far as
novel transfer was concerned, for mot having.practiée in discovery avail-
able to them. Because of the complexities inﬁolved-, the novel transfer
fest, in effect, served only as an explofatory probe. For this measure
to be definitive == that is, to demonstrate that giving rules is better
then discovering rules -- it would be necessary t'o equate rule leaming.
A study by Gagne and Brown ( 1961),' in fact, does indicate that self-
dizcovery may increase ability to learn when orig:lml learning is equiva-
lent and involves single-instance pr-inciples_‘(i.e. si@le associuiions).
In that study, the Ss were presented with number séries, such as 1, 2,
4, 8, 16, 32,..., and were either giver or ;eguire&- %o find rules (i.e.
formlas), depending on the number of t'er'm_, for finding the sum of series
beginning with the specified terms and zontinuing with the same pattern.
Afier completing a preliminary program deéigmgl to acquaint the Ss with
the c;ancept of' a number series and'a number of .tem relat;lng to such
series, three treatments were givea. Then, after exposure to a series,

one group {RE) was told the correct rule and presented with examples,

AThe infcrnmti&) given in the publishned dea'cription of the study makes
it impossible to determine whether such an information processing skill
could have cbtained. ) ‘
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another group (GD) was given directiom as to‘ho.w' to -£ind such a rule, and -
a third group (n) vas told to find e rule sud ves given scne hints as to
what the rule might be. Sinee the error rate on all progrms vas reasonr
ably low, it migh‘c be assumed that the t‘ 2e groups learned the desired

" rules to about the same degree. That is, aftefr cmpleting ons of 'Lhe pro- .
grams each § wes proba.bly able to staba t.he correct rulz when shown each "

of the series tarught The learning could have imrolved simple agsociations

bet'meen speciric series and formlas. but; Trom tlae deacription of the pro-
grams given, more likely was of a cmceptual bype involvi.ng aerieu types.
‘I'be GD group, and to'a somewhat lesser extent the D group, had an oppor-

' tunity to discaver-a stimulus pxocaasing mz.e, s ryle vhich may hu.ve o :

| told them how to go about detnmining A fomn foa' findmg the sun of
& series shown for the ﬁ.rst time,  The results indicate clearly that
e when original lesming, in thia case fou.r series-fomla plira, is
| equated, discovery enhiances the ability to 1earn, Although 1t was ot
- pomble for Gagne and Brown (1961) to- apecs.ry emtly mt enhanced °
thia ability, the present dismssinn suwstn tha.t the Rugver will be - _

| a besed on & logicul, rather than behlwiwa, unu.lya:l.s. gnce speciﬁeﬂ, ”_t
t of course, {t nim be ponibl.e t@ mom afﬁcienm enhan;:e. "diacrvory” | | i
* potential - by stating a. genem principle._. o . _;',_j B o . S
Gagné and Brown (1961) imsamreted the troament ettewts as being " f:' :
due to differences {n what h»d been 1eumd-< *‘i’h:l.a m a 1eg1t:l.mate thing ."."':".,‘; -

' to da. Learning how to find Y i‘cmmh ﬁ:n blaarly c'-iffomt from learning ) R

- : - * - Ty Ten . . .._*}_ Ty l ‘:F : - . - ‘v:"; " . -
l‘l’he point of Lhe pmnnt andysil, ,f ccmrse, is thai. the detamin- 3 :.;
m;ou of vhat u mn-ma should be e upucit ‘part - of mh regearch.

l
% " . J ' . A . . . .
S S . M n s oY g
. LI . . » v
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to use formulas. The difficulty, I think, it ore of jossible confusion.

The formulas, themsélves, were rules and such rulsg have fm the basis.: ° .
| for most other stigdiés camparing .expository amd discovizy modes of instru. B

tion (e.g. Craig, 1956; Haselrud and Meyers, 1958; Kergh, .‘;."958; Wittrock,

1963).

Perhaps one of the foremost argumenta iix favor of 1"5rmﬂ.ati'.ns re-
search problems in the SFL is tﬁat one ig farced to coriiider relntion-
ships between presented and test miterials. - The relaticuships become
explicit in terms of the sthmli, respomea » "and principle 1nvolwd

Thus, when the principle is a decoding principle {e.g. mmock, 1963},
the stimuli are enciphered santemces, md- the‘relponses are deciphezed

it R® s ava _w_ "W

. aentences- When the responses are I‘ormhs, as in the Gagné and Brown R _,f'f
. 1961) study, the principle involved is some unspecified’ h..gher order
| rule for determining formulas for finding the sums of series. ..'J)!_ae atim- o ) S :‘

uli, of coursé, are the geries themselves..

Aruitoxt provided by Eic:
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Reversal and Nonreversal Shifts,e Figure 6 characterizes reversal and nonree-

versal shifts. The stimuli shovm all have two, two-valued dimensions. On-

First Discriminatipn | ' Second Disciimination

Small Fositive

Large Positive . l’z i
. L

7 S 2.
i s Al Black Fositive

=~ ‘ i ) .

——-—} . \\!V, . . -~ ‘

;:;; \.%& Ve, g , @ : ; -

-
o ¥

h Mg. 6. Examples of a reversal and nonreversal shift.

the first discrimination, size is the relevant dimension; large and small

characterize two conecepts, each with.a distinct msi:onae, + or -. Color is

irrelevant. After S can relisbly make the fi¥st discrimination, a second

discrimination problem ‘i's presented. -A reversal ehift involves 'exf:hangitig

the two 'responses', large going ﬁith - and small with +, A‘ nonreversal shift

involves reacting to the color dimension, black cbjects moing with + and

white objects going with -,
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Pre-verbal children (Kendler, Kendler and Wells, 1960) and animals
(Kelleher, 1956) find nonreversal shifts easier to make than reversal
shifts whereas older more verbal Ss, find reversal shifts easier {Bues,
1956; Harrow & Friedman, 1958; Isaacs and Duncan, 1962; Kerdler and
D'Amato, 1955). In & study with kindergarten 8., Kendler and Kendler
{1955) found that fast learners, like vertal Ss, vere better able to make
a reversal shift whereas slow learners, like preverbal Ss, vere better
able to meke @.nonreyssnal shift. Tt was sugzested that the fast Ss
approached the experimental taak'with verbé; labels for the correct stime
ulus already strongly ettached, the vérbal iahql berving as a mediating |
link in a two-stage S-R paradigm., The learning of the slover learning

anl presumably preverbal Ss was assdﬁeé to_involvg 6 eingle-stage paradige.

Kendier and Kendler (1962) explained the reiative ease of reversal and nom-

reversal shifts in terms of the number of S-R associetions that need to be
changed. |

This interpretation, however, leaves unanswered the question of vhether
the stated results vere due to a progreasive improvement in all ckildren
* with age or to a larger proportion of faster learuing ebildren having what-
ever characteristic it 1s.that makes reversal shifts essier.

Reformulating the reversal-nonreversal pmdbiam in the SFL provides &
basis for answering this question. Pbrhaps_the relative ease of shift is
dependent on "what is learned" on ihe first discrﬁminamion == WO concepts'
(e.g. "If large, then +" apd "If small, then -,”) or four discrete pairs.
If concepts are learned, reversal shifts should be essier gince this mereiy

involves learning twe nev responses. The principle identifying cues (e.s.

-




large and small) remain constant. A nonrevergal shift would involve learniug
either two new concepts or four new discrete pairs, On the other hand, if four
discrete pairs had originally been leerned, a reversal shift would iavolve
learning four new responses, wherees & nonravecsal shift would involve learn-
ing only two.

Of course, this interpretation is anélogous te that presanted by S-R
theorists (e.g. Goms, 1961; Kendler and Xendler, 1362). It is the assess~
nmant methodology which provides the means for ﬁete;wining whethér learning

wapm——lf <~
type is related to relative sase of shift.

In order to assess what is learned on the’first dieerimination, it is
necessary to employ dimensions, such as color {e.g. black,'shaded, vhit;)
and shape (e.g. circle, squere, triangle), which have more than two easilﬁ

discriminated velues. This procedure makes it possible to use two values of’

(54

esch diwension on the first discrimination prdﬁlem leaving ‘the others for
assesement purposes. Thus, for example, the four training stimuli might be
aither tleck or shaded and a circle or a8 squere. if reinforcement 1s given'
according Yo “coler,’ the assesament pfbcedure might involve presenting a
new discrimination problem in whicb the. two stimwuli heve the two color attri-

butes, weed during training (e.g. black and sheded), and the shape attribute

not 80 used {e.g. triangle). Choosing, as positive, the object having the
same color as the positive training sttmuii} would be indicative of concept
learning {(on the training task) were iﬂ not for the high probability (3) of
chocsing this object by chance, Assessment "certainty," of course, can be
- improved by using more test discrimination tasks. This {8 made possible by

insreasing the number of values per dimension. In order to winimize "gtrat-
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2gy shifts" during the assescment procedure reinforcement should be given
at each choice point no ﬁatter what the response. -

There is another way of reformulating reversal and nonreversal shifts in
SFL terms. In an important seﬁse, the problems posed are ditfereux'rroﬁ an&
previcusly encountered in this paper, -Fbr ons thiﬁg the stimuii are pairs -of
objects., In addition;'the-requnse depermining attributes mey be relétion«
ships. Learning to discriminate between the object pairs shown in Figure 6,
for example., can be accomplished by learning a principle of the.rprm, "It
shown two objects, then choose the larger onme.” Such a discrimination can
also be accamplished by learning each principle in some nonredundant parti-
tion of thise prinéiple'-p e.g. "If shown two objects and one is large and.
black (white), then select large black (white) ob-,)ect."l '

In spite of the apparent differences Involved, this formilation alsd
leade to a similar arslysls of tﬁis shifv p&dblém. If a single relational
principle is learned on the first discrimination, revercal'shiftg.should be
easier since this Qerely‘involves learning a nev response ~-- pick the sﬁalief
one, .The principle idéntitying dimension, different ;izes remains constant.
A nonreveraal shift would involve learning'either & new general principle or
&t least two new aubyrinciples in a partition. On the other hand if the

1It should be emphasized that S nesd not bs aware cf verbal labels in
order to use a prizciple. Here; ihe labels serve primarily a definitional
fupnction.

It is also varth noting that discriminamion learning may be viewed in
terms of relational principles. Although not treated here, there is reasdon
to believe that transposition jhenomena (cf. Hebert &. Xrantz , 1965) mey also
be reformulated v terms of p?lb”lpl?ﬁ.




original partition had Leen learned, a reversal shiit would involve lesrning
at least two new subprinciples, vhereass a nonrveverssl shift would involve
learning only one,

Unfortunately, there is no relevant data. Becavse the hypothesis and
questions raised have obvious implications for studyiag irteractions cetween '
developmertal and learning problems, research on this question is urged. The
results also would provide additional information conrerning the appropriate-

ness of the SFL and the related assessment methodclogy.




Conservation versus Won-Conrexrvation.- Questlons relating t¢ the conservation

(1.e. invarience) of certain comcepts, such as amount, height, and number {e.g.
Flavell, 1963) , comprise gnother prodlem ares in cognitive development that can
be reformulated in S¥L terms,

Qongider a pnwedure that Ls Lioguently use& t0 determine vhether a cl}il&
bas iecarned to conserve "amouut." T-2 E ghows tae child two balls of clay,
both of the same size. S is asked whebher each ball, in turn, contzins more
tlay than the other or whether they conbtain the saime amount. Inverisably 'the
normal child says they are the % then rnlls ons of the talls 1nto the
shape of a oausage &3 shown 1n display two of Fi{mre 7 and then asks the same

guestion. If the child concistently says that they ere the sm, he is said

:*j -~
Displey One ( Q
\‘ .
Dispiey Tvo {”N e y | o

Flgure 7. Two displuys designed to determine the confaemtirm cf amount..

we 0 Spant w8 19 HevR

to conserve amount. If not, ke is a nontengerver,
Aecoxrcding to fd Pﬁlmr,l the nonconserver apparehtly sesponds on the
hasig of .engeh. A SFL fommulation of thiw pr oblqn suggests ‘that this is

{adeed the case, In crder ¢> properly formulste this question, however, all

of th: dmportant ccwmmalities bebwesn the two cbjecte in each pair must be

1 prreonal comunicstion
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identi. ied. Not only do the objects in display onc have the same amount, but

they have the same height, length, width, and shape.l

The child could respond on the beasis of any cne or moxe of these attri-

butes. The word "amount," or whatever word is uscd by E, can have an entire-.

ly different significance for the child. The protlem, of course, is compli-

- cated further because these dimensions are not all independent.

For the sake of argument, assume¢ that the child responis according to
either amount or length, but not both. In display one, the values of hoth
dimensions are identical. Thus, a correct regponse sould eignify the opera-
tion of either of the two principles, "If shown two c¢lay otjects, then the
response depends on: the relative amount (lengtb)."2 Msplay two might be
presented to determine which of these two prineip.es is operating. If the -
child now says the saueage contains more clay, tke operating principie prob-
ably involved 1ength.‘ If he says "the same," amwunt was likely the deter-
mining factor. It is worth noting that both of these twé réiponses also
eliminate height from consideration as a basis or responding., The former
does not, however, eliminate ghape.

One further point needs to bte mzde. In develcoprental siuvations of ‘the
sort described, conservetion of amouat is asswed to bave beer acquired or
not acquired prior to the experiment. If S doze not demongtraie conservation,

it 48 not a question of choice but of necessity. The priamciple of length may

s
™

lIt also could conceivably be of inferest to distingulsh tetween volume,
crosg~sectional area, and weight,

These two principles, of course, refer to the generic baste for the
child‘'s response and have nothing to do directly with tbe princ.ple E intends.

o e e o Ay bk . kvt . g -
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be operating, rather than that of amount, nat just because 8 prefers it, but |
because he has not acquired the coixept of amount.

This may not necesaarily be true. The chiid may have pre'rioualy acquired
both the concepts of :mcunt end length in & generic, nonverbal, sense. ALl
4hat can be said with confidence is that the phraae "which contains more clmr, "

may be interpreted by the child in one or the other of two ways.,

Ve
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CONCLIIDTHG REMARXS -

The tasic point of thie paper is thet the :pringgle can e mede to

gerve ag ihe tegie bebavi org., wnit. 1 have eovespted to dhow thet, doing 80

pae soverel dmporiant siventages owky ugiag the 3oL assclaniun.  An anely-

ki of leceniowy o tedae OF age pwnnsivie allowd o8 congians situstions

of far groater fomplexity Hhan guythiog wagt aag baeu attemptod via the S-R.

wedist:lon languags, Wosn wiewed in tarms of privciples, the eritical 4l

sensions of cogplex stimuld, la appliad settings {(e.g.» azithuetic geries), .

axe often not nemri:y go diFPicult to ﬁm:e.mi'na we they ere uiji:,h nonsense

ey)inblue <r .um{t‘.m In this 'reg,mﬂ T weuld like to c*mmwsf.ze: that §¥h .

aroviter & hemnd sor dealing with particularly:
It should

eypboiian. 1ike &=K SCHENRY,

which ordinaey diseourse hecomes anbigazus.

capliay sivuubions in

wide He nosed. Slws dmposing zzmti.,en:sti ok é‘ﬁﬂeﬁﬁt"i’i"‘\'.s on t;metiana hag pro-

#idod A nRUUCAL manns O alassifylag leamim types -- 8008 af whlm con-
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form ©3 classically mede distinctions (e»:-e.e;.., agsocistion versis slnple cm;n}'

wich do not (8.g., tWo repreertations of the “mamy-1" S-R

’

and o ofF W

pat ter).

Ferhapt. #onve m;,c ehend ;B fnp cepleal the m’c.im ¢f the pﬁnciple

ypeds ong Lo uek e;‘.r}.i‘ffw vh oneehiong,  fuch *,nqmrb&nu prachical. matiers: 'y

T prnersdity i 43 Ieooued, and abaticg YRI5 -)t'_or example, have lent them-

S ENTR ARSI BT A ETA TN TR
- M e

: aalres Lo rathor eliss am’uﬁz m;,r. o da nweloipated that future reszarch

MBY ﬁelp salovak ey oF Che %::*v:?!_xtririfxéfé:!. nysteiies that have 1ong been att,aciiad
" to these ideas. ‘

The yresest dlgcunsied of ne: n.’z:rt.exl. sl iumbﬁ,o’x.a} atmam mdicaxea the

pecerelity of &ist :lrg.u.,,winp haetween W ‘,ip.‘i*« *dssrm mvmg ces o ro@onae

Aet exmdps ng abtvidvubes, £1thougt: & s tm'al mnemuyatim, when ‘the witl-»
\
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ciple becoms central, this distinction is not zade in tm S-R language.
Perhaps the primary reason that auc.h a distimtion, to uy knovledge,

not been made before is that in the classica.l learning types- ntudied by

S«R experimentalists (e.g., essociation, simple chain, cwcept) » the iden-»
tifying and determining cues are idexxtical. The functimal elenents in
coomon between original and transfer stimu.u sarve both to identify simi.
larities (and differences) and detemine mlpomes. The dichatcw involved
in principle learning prcvides a direct haais for aeparating the pzycholog- :
ical proceasea of dincriminating between atimli and or reammme to a
-tmm;,a. |

Vievin; behavior in terms of wmciples 8180 makesd poasible a reuible

fm'nnntion of the vexing problem of "what is learned.” After a.am.mptions
hm been made regarding the underlying stiwlus values and dimemiom, .
lurn:lng can be defined in terms of oosﬂm’hle tes* stmnli and respunmu.

It would appear that such an assessment mthodalagy m prwide 8 necessary
buin for an increuing:Lv called for mlti«-stage approach to ccuplex learping
and teaching. Under these qondit,lona such resetrch'w be expecm 'to neake
more rapid progress. | | - :.

In spite of the rather far m@him vasic. u@im made in th:.l's |
paper, no attempt hgs:been mdé to ‘even'oﬁtlina a !theqry baaed on the notion
of a principle. It 13 certa.inly t0 be hoped that no. udcr changes need to.
be made regarding auah _Bacred, principlec 48 contiguity and minforcmnt.

Since they have guided much of the preceding develamnt, I feel

. obligated to make cartain conjectures as to the pozsibl.e nature of some

. .
L]
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additional theoretical agsumpticns. First, the response to a-new stimalus
is determined uniquely by the aperating principle. Regardless of how
principles are acquired, _behavio'r, according to 'bhe'p:%es'ent discussion,
depends on the selection and use of scme »rinciple. Se;:ond, principles

are assumed to continue in coperation unleaa( disrupted dy the c.onflic,ting
influence of new input a.nd/ccr feedback. Acco;jd'ing to tiaia postulate,
responses to new stimuli remsin under the control of & particular principle‘
unless either the stimuli do not correspond £o the principle or feedback

otherwise indicstes that the rules have changed. This noticn has much in

common with the mathematics modeler view (.e..g., Bower and 'rra.bue.'o,. 196&;.

Ievine, 1964; Restle, 19G2) that 'S changes lMypotheses only when given

negative remforcement (however, see Suppes and Schleg-Rey, 1965).
Clearly, these tvo postulatea do not, in tbemelve:, mnatitute the

basis for any theory; , : : - existing

principles are modified and new principles are .'ucq.ured. They are much

‘like Newton's laws of reaction and inertia wi +‘~.c"+- an Pema to tie them

R bkl &

| together with the dynamics of change. Although som guesses cmld be -
| . made as to the nature of such a postulate, it would be map'propriate for
me to speculate further at this point.

One final comment seems in order. When carried to the extreme, it

becomes clear that: the principle, rather than the assogia.tion, _g} the

basic behavioral unit. No two stimuli or responses are exactly the same.
When we speak of a discrete azsocistion we are, in actuality, referring
.to & set of S,R pairs in which the physical stimuli and responses are .
elmost identical. |

Aruitoxt provided by Eic:
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if the preceding analyscs bear any ieight at all, it would arppear
that the future progress of ressarch on cai:pléx learning avd Wctim .
will be largely dependent on the- ability to feal nimltan« wously with
structural and bﬂhavioml variables in both a precise wad rtmple v&y TM

§FL is presented .ap ons altermstive.,:
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USING THE PRINCIPLE.TO FORMULATE RESEARCH

ON MEANINGFUL LEARNING*
(A Set-Function Language)

Joseph if. Scandura
University of Penmnsylvania

The search for a suitable scientific language in psychology has had
a long history. Uunfortunately, as with theories, there is no a priori
basis for deciding between alternatives. Which will prove most useful

can be determined only after a period of use. Nonetheless, certain char-

acteristics eppear desirable. One of these is precisicn, The primary

requirement, however, is that the language accurately represent the

important characteristics of the phenomena in question. Without such

fidelity the language can have no real value~--it is the sine qua non.

In order to constru~ a precise descriptive language, which adequate-
¢ ly reflects meaningful learning, a basic behavior unit must be selected.

The history of science has shown that the hypothesis-generating and pre-

i dictive value of any theory or scientific language is determined in large

T RTINS R e S e AR AT R AT e AT

part by the appropriateness of its basic building blocks.

lfany theorists have been primarily concerned with extending S-R

formulations to account for complex phenomena (e.g., Berlyne, 1965;

It A AL ol A A

? Kendler & Kendler, 1962; ialtzman, 1956; Goss, 1961.; Osgood, 1953:; Staats

& Staats, 1264). Although it has been repeatedly emphasized that the S-R

e

associationist implicitly believes that the agsociation provides the most

,
E
i approach is simply a means of working, of baring essentials, the neo-

*Thanks are due John Carroll and Robert M. Gagne for their helpful comments
on an earlier version of this paper, Felix F. Kopstein and Donald Payne for
their friendly but trenchant criticism, and Judith Anderson for her general

;
§ assistance.
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precise and efficient unit with which to describe behavior,

The fundamental, and perhaps most questionable, assumption underlying
neoassociationism is that mediating l1links in an S-R chain have the same
properties as overt S-R associations (Berlyne, 1965, 17-19). In view of
the success achieved in viewing animal and simple human learning in terms
of associations, parsimony would seem to call for such a principle. Yet,
practice has shown that mediation interpretations become increasingly
cumbersome .nd less precise as situations become more complex.l Iifore
important, Anderson (1964) and Fodor (1965) have recently argued convinc-
ingly that multi-stage explanations only give the appearance of greater
explanatory power. Single stage formulations can always be devised which
are equivalent,

Largely for these reasons, other theorists and highly reputable
writers (e.g., Ausubel, 1963; Bartlett, 1930, 1958; Dienes, 1963; Cagne,
1962, 1965; Mandler, 1962, 1965; liilier, Galanter, & Pribram, 1960: Piaget,
as described in Flavell, 1963; Polya, 1962, 1965; Newell, Shaw & Simon,
1958) feel that the 5-R language does not capture the essence of meaningful
learning. Typically, they find the idea of an association or network of
associations to be incapable of reflecting all that a human does when
confronted with a problem situation. Constructs are needed to enable Ss to
think (llandler, 1965, 325). Thus, Bartlett (1930, 1958) speaks of organi-~
zation and rules, Gagne (1962, 1965) of knowledge and principles (and
learning sets), iiandler (1962, 1965) of structure, Miller, Galanter, &

Pribram (1960) of TOTE units (and heuristics), Piaget (Flavell, 1963) of

1the present practice of repeatedly extending associationistic schemas to
account for new facts, particularly as regards meaningful learning, is
highly reminiscent of pre-Copernican astronomy. At that time too, emerg-
ing facts were incorporated into what we know now to be an unnecessarily
complex (geocentric) theory.
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s. iemas, Polya (1962, 1965) and iiewell, Shaw, and Simon (1958) of heuristics,
and Tolman (see Hilgard, 1956, 191) of cognitive maps and sien-gignificate
relations.

Several of these writers (e.g., tiiller et al, 1960; Polya, 1962, 1965;
tewell et al, 1958) have dealt with problem solving in its full complexity.
Emphasizing the role of heuristics--broadly applicable modi operanci--they

have been either of the opinion that problem solving should be treated as

an art (Polya, 1962, 1965) or that the computer (Miller =t al, 1960; Newell
et al, 1953) provides the only really effective means for dealing with the

complexities involved. The former view, of course, is antithetical to

science. Computers, on the other hand, although they provide a valuable
tool and possibly a viable model, do mot alleviate the scientist of the
responsibility for identifying the basic behavioral units and stripping
theory of nonessentials. Computer simulationm, due to the technical com-
o plexities and practical problems involved, may be as much a hindrance as a
help in theory construction.

Others (e.g., Ausubel, 1963; Bartlett, 1930; 1956 Diencs, 1963.
Piaget, as described in Flavell, 1963) have also offered appealing analyses
of meaningful learning and problem solving, but they have been forced to

gloss over many subtleties. There has been no sufficiently precise lan-

guage available for formulating their ideas. Although Piaget has made
; considerable use of logic in his theoretical work, it has served primarily
to describe internal capabilities. In tieing these capabilities to observ-
ables, Piaget has simply used the French language, sometimes in rather

abstruse fashion.

In short, the choice, to date, has been between a precise, but seem-

ingly inappropriate S-R language, and presumably more relevant cognitive
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formulations which leave much to be desired in so far as scientific
cohesiveness and rigor is concerned.

Gagne's (1962, 355) statement to the effect that knowledge allows one
to "perform successfully on an entire class of specific tasks, rather than
simply on one member of the class" is indicative of the fundamental differ-
ence between meaningful and rote learning. Knowing how to acd means that
the learner is able to give the correct response to any addition problem,
not just one. while not necessarily impossible for the neo-associationist
to explain how Ss can give new responses to new stimuli, it uoes present
difficulties.2 In fact, the explanations offered (e.g., Berlyne, 1965,
168-171) are not really explanations but independent postulates.

Although Gagne (1964, 1965) has taken great pains to indicate how

higher forms of learning, such as the principle, depend in turn on lower

forms, such as the association, there remains the possibility that a higher

form may be basic while the lower focrms are simply special cuses. Tracy
Kendler (1964) has alluded to this possibility when, in reviewing Gagne's
(1964) paper, she suggested that new properties may emerge at the principle
level, Gagne's (1964) original representation of the principle did not use
the S-ik language. He (Gagne, 1965) has since attempted to reconcile this
difficulty, by viewing a principle as a chain of concefts. The analogy,
however, is somewhat strained and in no way debases the suggested alter-
native.

Principles appear to be involved in every act., We determine the sum
of a number series according to some well learned rule or plan. We open
the door when someone knocks, except possibly when working on a manuscript.

Even as experimental subjects, we spew as many associates to a stimulus as

250e the discussions below concerning stimulus-response generalization.
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we can according to some plan of operation--a plan frequcntly introduced
by the experimenter.

According to Webster a principle may be defined as follows: "an
underlying faculty or :ndowment; a governing law of conduct: an opinion,
attitude, or belief that exercises a directing influence on }ife and
behavior 1iaws or facts of nature underlying the working of an artificial
device (or numan).’'3 In short, the term principle can be used to refer to
that which underlies behavior.

The purpose of this paper is to describe a precise (mzthematical)
set-function language (SFL), based on the notion of a prlncipla, which
appears to capture much of what has been proposed as central to meaningful
learning. The paper has been organized as follows. First, the basic
rationale is described and the principle is given a precise mathematical
characterization, largely in terms of sets and functions. Second, the S-R
and SFL languages are contrasted. Third, empiriﬁal regearch, which was
based on a preliminary formulation of this language and which has aided
in its development, is described. Fourtn, nroblems concerning reception
and discovery learning, reversal and nonreversal shifts, Piagetian conser-
vation tasks, and symbolic and concrete learning, are reformulated in the
SFL. Fifth, theoretical direction is given. Finally, some concluding

remarks are made.

3The parenthuses are mine,
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THE PRINCIPLE--BASIC UNIT IN

THE SET-FUNCTION LANGUAGE (SFL)

To provide motivation for the mathematical characterization given
below, consider the following situatioms: (1) a young child learns to
say 16" when he is presented with the nominal stimulus " 4+3+5+7"--
i.e., he learns to say the sum of the series represented (although he may
not know what a sum is), (2) an algebra student learns to give the sum 16"
when shown any one of several representations of the series 1+43+5+7

3
(e.gey "1+ 3 +5+7," " L (142m)," etc.), and (3) a college student

m=0
learns a rule for finding the sum of any arithmetic series.

Before discussing differences, consider first what these situations

have in common. In each case, learning may take place in either one of

two ways. The to-be-learned material can be presented directly, as in

¢ reception learning, or the material may be learned by discovery, In the

‘ three situs’ ions described, the following statements might serve to promcte

) reception learning: (1) "If shown 'l +3 + 5 + 77‘ then say '16', and
(2) "If shown any representation of the series X + 3 + 5« 7, then say 'l6',

and (3) "If shown (any representation of) any arithmetic series, then say

the numeral corresponding to (4 _+ L)N where A is the first, L the last, and
2
N the number of teims. in the series." In acquirinz such gbilities by dis-

covery, the stimulus-response pairs involved may be presented, in turn,

SRTTRFE TSR TN, TR TR RETRT ST T v &

until the learner can correctly anticipate the next response to a new

must encode both the stimulus and the response and discorer a coimon

relationship between them. In situation ore, of course, this velationship

is simply a direct connection between the internalized stimulus and the

I stimuius within the same class. To acquire an underiying principle, S
s
E




o -7

internalized response.4 In th2 other situations, the relationships are
between the elements commen to each representaticn of the related stimuli
and those common to tha responses. In situation two, the series, 1 + 3 +
5+ 7, is an abstract entity (property) common to cach stimulus, the commor
response property is simply the internal representation of '16." 1In
situation three, the common propertie;:f%g series of the form a + (a+d) +
(a+2d) + ... + (a + (n-1)d) and numerical sums, respectively.

The sacond characteristic common to these situations involves perform-
ance. Making appropriate use of knowledge, implies that an information

processor is able to determine, not only what response to give to a class

of stimuli, but also when to apply what he knows. To accomplish this the

stimulus situation must be encoded in a manner appropriate to the context,
the operation must be carried out, and the results must be made observable.
The general context within which .lselectﬁkvsiaﬁ\is presumably pro-

vided either by directions or by internal stimulation of some sort.d

Within a given context, however., stimulus properties determine which
principie is appropriate.

Suppose the inputs of concern are general number series of the form
a] + ap + ... + a;. Within this context, the principle involved in situa-

tion one, would be applied whenever "1 + 3 + 5 + 7" appeared. In situation ;

two, any representation of 1 + 3 + 5 + 7 would do. The principle, associ-

4In this situation, each presentation of the single pair involved would have
to count as a different pair--in fact, they are different if only in pre
sentation time, :

31t is possible that directions and internal stimulation may be viewed as
higher order principles of some sort, principles which narrow the range of
subordinate principles which might be evoked in a given situation. This
possibility is discussed to some extent in later sections, but detailed
consideration is beyond the scope of this paper.
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ated with situation three, would be applied to =2ny- arithmetic series,
number series in which a common differenc: exists between adjacent terms.
Furthermore, all of the commogvggigures need not be involved in determininug
the appropriate response to a given stimulus. In situation three, the

first, last, and number of terms in the series would serve this purpose.

In effect, encoding a stimulus may serve two distinct functions, to identify

the appropriate principle and to determine resporsec.

In many ways the problem of ascertaining what will be encoded is
easier with meaningful than with nonsense materials. WUith meaningful

materials, because we have some basis fox knowing what prior knowledge will

e A v Ak XA e ph A a i AL 3t a2l s

be brought to bear on the decoding task, one can frequently assume that

inputs will be encoded in particular ways and that internal representations

of responses can be made observable., For example, "5 4+ 2 x 3" will

undoubtedly be interpreted by the reader as "5,' "+," "2 x 3" and not

"§ 4 2," "x," "3," The reason for this phenomenon does not reside in the

stimuius but is based on a previously learned convention. Similarly, all

verbal Ss can presumably write (and say) the numeral "6" representing the .

(internalized) number 6.

The nature of the relationship between the underlying principles and

the observable stimuli and responses also appears to be the same in all

| three situations. Whether the learning be by reception or by discovery,

E presenting test stimuli within and outside the scope of particular princi-
ples would appear sufficient to determine what is learned. Since more than
one principle may lead to the same response, however, the problem is not

quite that simple. Questions concerning assessment are discussed in more

detail in a later section.

Although learning and performance are of an apparently similar nature
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in the three situations described, there are important differeices. In
situation one, the reievant attributes could be almost any combination of
salient features in "1 + 3 + 5 4+ 7. This is also true of the combining
rule selected. A likely possibility, however, would be a simple mapping
(i.e., association) petween what is encoded and the internal representatio.

of 16. 1In situation two, the relevant attributes may be common to each

representation of the series 1 + 3 + 5 + 7. If only number series are
considered, both of the sets [1, 3, 5, 7] and [1 (first term), 7 (last
term), 4 (number of terms), 2 (common difference)] would serve to character-
ize these communalities. That none of these properties (e.g., number of
terms, 4) can be used to distinguish between the various possible series
representations, suggests that these properties are to be associated with

sets of stimuli and not the stimuli t'nemselves.6

; Either set of common attributes can be used to determine the appropri-
3 ate sum response. The terms 1, 3, 5, and 7 can be added sequentially and
the expression '"(1_(first term) + 7 (last term) 4 (number of terms)" can

. 2
be simplified. In effect, the se situationsar¢entirely analogous to

learning conceptswhich involve both attribute identification and rule

learning (Haygood & Bourne, 1965).

61n mathematics, properties are often equated with sets of elements which
have these properties. These elements, in turn,.are sets. Thus, the
number two is defined as that collection of sets each having two elements }
(e.g., oranges, apples, things). The algebraic symbol, N, is a still ,
higher order (more abstract) property and refers to a higher order
collection which contains the various collections to vhich the integers
refer. In the same way, the series, 1 + 3 + 5 + 7, also refers to a class
of stimuli-~those, for example, corresponding to the various ways of
representing 1 + 3 + 5 + 7 (in numerals or words;with pencil, pen, type-
writer, etc.). iven a property such as "red" is equated with a set of
elements rather than attributed to a stimulus object. In most situationms,
of course, this distinction between a property of an object and the property
itself (which is equated with a class) can be ignored. But there are other
circumstances where the distinction is important (e.g., whenever the

. psychologist wishes to distinguish between an (overt) stimulus property and 2h
internal mediating response (property) itself. In what follows, I shall
ignore this distinction where the intended meaning is clear.
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In situation three, the relevant attributes are common to all/series.

Again, the communalities can be characterized by at least two sets of
propert.les, 31y -es 3 HN-IIP8y and a; = A, a5 = L, N, D. The difference
between this and situation two, however, is more fundamental than simply
involving a larger class of related stimuli. The respomses also vary. The
internal representation of the responses also is a property relating to a
whole class of (sum) responses. The introduction of a response dimension,
in addition to the stimulus dimensions existing in situation two, results
in stimulus properties of a higher order in situation three in the follow-
ing sense. These latter properties refer to collections (sets) of sets of
arithmetic series, each of which, in turn, has a variety of symbolic repre-
sentations, The first term, A, “or example, is a property of the class of
those sets in which the arithmetic series have a common first term. A
single combining rule (e.g., (A_+ L)N), by which the sun. of any arithmetic
series may be obtained, could privide a basis fyr responding as indicated
in situation three. This rule involves all that is common to a class of
rules for determining particular sums (e.g., (L+ 7)4, (3_+ 9)15, etc.).
In short, A, L, i, and (A + L);y are of a higher irder thanzl, 7, 4, and
(1_+ 74, respectively. Tiey are said to be more abstract.’

’ In sunmary, learning may occur by either the direct interpretation
of given information, such as a statemer.t of principle, or by discovery,

the abstraction of a relationship common to a whole class of stimuli and

TNotice that it is easier to detect a particular stimulus property when
presented with a lower order symbol, such as "1," than one of higher order,
such as "A." Being able to determine any value of A, for examrle,
necessarily implies that "1," "2," etc., can all be det ermined. Higher
order rules and properties may be fundamental to most human behavior--
particularly with respect to such subject matters as uathematics.
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responses. In each case, the basic behavioral unit is an
internalized plan of action whereby an information processor--human, rat,
or computer--may determing which responses to make to which stimull. A
principle is not directl. observable and its presence can only be inferred
from the behavior resuiiing from operating on particular stimuli. All
observable inputs pertaining to human learning are not designed to elicit
responses, Inputs may also serve to promote learning and to indicate the
context in which principles are used. The presentations both of a statement
of principle and of an S-R pair in paired-associate learning provide illus-
trations of the former type of imput; directions provide an illustration

of the latter.

In spite of these communalities, the nature of what is learned may
differ. The learning may repraesent a simple relationskip between the
internal representation of a single stimulus and a single response; a
relationship between representations (set propertie) of a set of stimuli
and a single response; or a relationship between representations of a set
of stimuli and a set of responses. In effect, two types of generality may
be involved. The principle may refer to one stimulus and one response, a
class of stimuli and one response, or a class of stimuli and a class of
responses. Ir the latter situation, a second level of abstraction is
imposed on the stimulus prope:ties.

Principles, denotations, and statements can be given more precise
mathematical definitions. In order to distinguish one principle from
another the following must be spec:fied: (1) the set of identifying
properties (I), which make it possible to determine when the principle is
to be applied, (2) the set of response determining properties (D), from

vhich the response is derived, (3) the set of response properties (R),




and (4) the combimning rule, mapping, or operation (0) by which R is derived
uniquely from D. In short, a principle may be characterized as an ordered
four-tuple, (I, L, R, 0) where I, D, R, and O are defined as above., 3

The denotation of a principle consists simply of the set of correspond-
ing instances, the observable S-R pairs. This set may be denoted: [(Sy, Ry)|
i=1, 2, ..., and (Sy,Rq) and (Sk,Rp) implies R, = Rpl. This definition
implies that there can be only one response paired with each stimulus-~the

denotation of a principle simply being a function? in which the domain is

8a principle may also be characterized in terms of description spaces

(Hunt. 1962). Essentially, a description space is simply a product space
in which the one dimensional component spaces are stimulus dimensious.
Each dimension is partitioned into categories. For example,#onsider a
description space consisting of the three dimensions, size, color, and
shape, with the values (categories) large and small, black, whirte, and
green, and triangle, respectively. Any stimulus object with some coumbina-
tion of these values may be placed in one of the resulting six (2 x 3 x 1)
categories.

A derived description space is simply another description space derived
from the first by mapping points (descriptions) in the first space into a
second space with at most the same number of dimensions and values. The
derived dimensions and values may be identical or different from those in
the original space. The set of properties and dimensioms, D, corresoonds
to a description space; R corresponds to a derived space; and O corresponds
to the mapping from one to the other. Notice also that identifying the
properties in I may depend on "operating™ on lower order stimulus charac-
teristics. Thus, a series is arithmetic only if certain properties hold--
e.g., the difference between adjacent terms is a constant. Although it
may ultimately prove useful to treat 1 as a derived space, along with R,
this does not appear to be necessarv in most situations and will not be
considered further in this paper.

This characterization in terms of description spaces’ has certdin-ddvan-
tages; it is precise, can be represented graphically, and emphasizes the
distinctions and relationships between values and dimensions. It has the
disadvantage, however, of requiring somewhat more mathematical background
than is necessary for present purposes. For this reason and because of
space limitations, no further use of these notions is made in what follows.

9Mathematically, a function is a set of ordered pairs, (x, y), in which
each value of the first variable, x, is paired with only one value of
the second, y.
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the set of all obscrvable stimuli associated with the principle and the
range includes all of the observable responses.

A statement must faithfully reflect the corresponding principle. To
provide an adequate symbolic (observable) representation, it should make
reference to all that characterizes the principle. This may be accomplished
by a statement of the form, If I', then R' = 0'(2')," where 1', D', R',
and 0' are symbolic representations for I, D, R, and O, respectively.10
Primes are not used in what follows, except where necessary for clarity.
Although statements can be given in different forms and such differences
may be important, especially at early ¢evelopmentsl levels, subsequent
discussions are limited primarily to this form.

To prove useful, a new scientific language must iu some substantive
way represent an improvement over existing formulations. First, it may
provide a more precise and parsimonious basis for describing important
phenomena than do existing languages. Second, it may lead one to ask
new and important questions and help make it possible to reformulate
existing questions in more researchable form. If a new ianpuage shculd
do only as well, and no better in both of these respects, one can seriously
question the advisability of changing the scientist's frame of reference.
This is particularly true in the present case where the approach taken
does no;7;23resent a superficial departure or elaboration of an existing,
and apparently useful, language.

In the following sections, SFL and neo~associationistic (S-R) formula

tions are compared and research suggested by the SFL is described.

10The role symbolism plays in learning and interpreting principles is
discussed in a later sectionm.
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COLPARISON OF SFL AND S-R LANGUAGES

Although it also is tied inextricably to observables, and is therefore
behavioristic, the SFL is not “associationistic,” nor even ineo~-associa-
tionistic, in the traditional sense of these terms (e.g., Berlyne, 1965).
In the SFL, a clear distinction has been made between observables (e.g.y
denotations and statements) which induce or reflect internal motivations ux

modi operandi and those inputs on which such internalizations operate. To

be sure, the orgacism is thought to operate on the stimuli; the stimuli do
not operate on the organism (although, of course, they provide the occasion
for making particular responses).

In order to consider meaningful materials and the important role of
internal stimulation (motivation), S-R analysts hLave chosen to extend
empirically determined properties of overt stimuii and responses to medi-
ating processes. In effect, the constructs are assumed to have the same
properties as the observable phenomena they are seeking to explain. It may
be this sort of circularity that has led some writers (e.g., Andersonm, 1964,
Fodor, 1965) to severely question the explanatory power of intervening
stimuli and responses.

In short, the crucial difference between SFL and S-R approaches
appears to be the nature of the construct used to tie observables together.
In the fermer, the association is the fundamental building block; in the
latter, the principle is basic.

Principle versus lediating S-R Link. - Fundamentally, both principles
and mediating S-R links represent a learned connection between one set of
observables (stimuli) and another (responses). Mediating links, however,

are often combined into chains of indeterminate length and various inter-
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connections between different chains are often postulated for explanmatory
purposes. In the SFL, although a counterpart to chaining exists, only
one-stage connectio..s are necessary.

Of perhaps more conzern, mediating S-=R links refer to only one type
of connection--associations between stimuli or mediating stimuli and
mediating responses or responses. The combining operation, O, referred to
in the SFL characterization of a principle, is more general and refers to
a mapping between mediating responses (e.g., D) and their stimulus
properties (e.g., R). The almost exclusive use of the associaiion ia
representing simple learning, both animal and human, has not greatly
hindered American behaviorists since general rules or mappings have played
no important part in their research. Even resezrch on concept learning
has been largely limited to problems which have lent themselves to S-R
mediation arguments. It has only been very recently that the rule learning
aspects of concept learning, for which no ready associationistic representa-
tion is available, have been dealt with explicitly (Haygood & Bourne, 1965).
These authors independently recognized that concept learning involved both
(stimulus) attribute identification and rule learning. The present argu-
ment. of course, is that rule learning plays an even more important role
in the learning of principles which relate to a class of respomses (as
well as a clase of stimuli),

Another major difference between the SFL and S-R languages involves
the internal representations of stimuli. In the SFL, certain aspects of
the stimulus may serve to cue the principle and other aspects may determine
the response. With respect to the principle, "If arithmetic (i.e., there
exists a common difference), then sum equals (A;%_Q)N,” for example, the

identifying (common difference) and response determining (A, L, and N)
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characteristics of arithmetic series are distinct. In the S-R language nc
such distinction is made; the same functional stimulus serves both functions.

Distinguishing between the roles played by stimulus properties forces
stimulus, response, and etimulus-response generalization, as originally
postulated by Hull (1943), to be viewed in new light. Generalization
phenomena are provided a rigorous basis in terms of "what is learned."

Tie properties in I determine the variety of stimuli to which a prinmciple
15 applied. The fewer characteristics required to identify a principle,
the more widely applicable the corresponding principle will be. This
follows directly from the fact that the number of eligible stimull varies
inversely with the number of required properties (i.e., restrictions)
imposed. The properties in D, on the other hand, determine what the
corresponding responses are. The number of responses involved depends on
the number - response determining dimensions (n) and the number of
distinguishable values of each. Each n~tuple of determining cues (one for
each dimension) corresponds to one response. For example, the properties
(1.e., dimensions) “color” and "shape" (in D) would result in a larger
number of responses than "color" alone. The more different stimulus
properties referred to by the encoded dimensions, the larger the denotation
of the principle.

It is important to note that D and O may make it possible to determine
responses (that may not be correct) to stimuli outside the scope of a given
principle. For example, N2 leads to the incorrect 'sum" 9 to the series
2 4+ 4 + 6. In an analogous fashion the properties in I may overly restrict
the set of stimuli to which a rule is applied. The SFL characterization of
a principle provides, in effect, a basis for independently manipulating

those cues (I) responsible for generalization (and discrimination) on the

P N
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stimulus side and those cues (D) responsible for generalization on the
response side.11

As we shall see below, the stimulus identifying and response deter-
mining cues are identical with respect to the learning of associations
and concepts, which have provided the subject matter for the vast majority
of experimental studies. Since the S-R language makes no explicit provi-
sion for dealing with the phenomena, it is not surpris:l.ng/;ﬁas Beriyne
(1965, 169) recently points out, "Stimulus-response generalization, in
which the formation of an association between S; and R, results in the
formation of an association between Sy and Ry, has, ..., scarcely been
investigated at all." This is hardly a desirable state of affairs if
principles are as critically involved in meaningful learning as has been
proposed (e.g., Gagne, 1962, 1965; Scandura, 1967, 1967).

While on the topic of generalization, I might add that the present
concern with discrete variables is not as limiting as might be expected.
First of all, the examp.es chosen suggest that the critical values of
meanin-ful stimuli can often be readily distinguished. The numeeal "6°
represents the number six and not five. Problems involving "just notice-
able differences (jnd)," as in psycho-physics, are rarely of primary
concern with subject matters like mathematics and probably others as well.

In some ways, the analysis of actual subject matters may be less difficult

llthe third type of generalizatfon postulated by Hull (1943), response
generalization, may in reality be nothing more than stimulus-response
generalization., Although maintaining Hull's (1943) original trichotomy,
Berlyne, (1965), admits that differences between response generalization
and stimulus-response generalization may be primarily a matter of conven-
tion. In view of the preceding discussion, in which counterparts for
stimulus and stimulus-response, but not response, generalization were
identified, it may be advisable to map this theoretical trichotomy into
a dichotomy. While not denying the fact of response generalization, I
am questioning its theoretical necessity.

)  AamtE e s g




and more precise than that of nonsense syllables. Second, the generaliza-
tion gradient, almost always noted when training and transfer stimuli
differ along a continuous dimension, may be an artifact due to averaging
over different jnd. If this latter supposition proves sound, it could have
inportant implications for the implicitly assumed probabilistic basis for
behavior. It may be that probability enters the situation largely because
the properties in the set I have not been identified.

Data reported in the next section suggest that there is no decrement
in performance on training and transfer stimuli (within the scope of a
principle) when the stimulus cues are discrete and readily determinable.

Classification of learning types. - Current interest in taxonomy
development has been intense (e.g., Melton, 1964; Stolurow, 1964). More
important, there has been a concerted effort to uncover basic similarities
between what have heretofore been considered separate categories (e.g.,
Fitts, 1964; Gagne, 1964, 1965). The emphasis has been towards gerotypic,
rather than phenotypic, bases.

Perhaps the most encompassing classification scheme of this sort,

which 1s based primarily on S-R terminology, is one proposed recently by
Gagne (1964, 1965). This taxonomy provides a natural, and I think funda-
mental, basis for comparing the S-R and SFL languages. The association
ig the basic building block in Gagne's formulation; most of the higher
forms of learning represent complications of this unit. When reformulated
in the SFL, the principle becomes basic and the simpler forms special cases.
Gagne (1964, 1965) identifies eight types of learning: (1) signal
learning--the establishment of a conditioned response which is general,
diffuse, and emotional, and not under voluntary control, to some signal,

(2) S-R learning--making very precise movements, under voluntary conmtrol,
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to very specific stiwmuli, (3) chainiag--connecting together in a sequence
two (or more) previously learned S-R pairs, (4) verbal association--a
subvariety of chaining in which verbal stimuli and responses are involved,
(5) multiple discrimination--learning a set of distinct chains which are

free of interference, (6) concept learning--learning to respond to stimuli

(] t

in terms of abstracted properties like "color," "shape," and '"number,"

(7) principle learning--acquiring the "'idea‘’’ involved in such propositions
as "If A, then B" where A and B are concepts; a chain or relationship
between concepts, internal representations (of concepts) rather than observ-
ables being linked, (8) problem solving--combining old principles so as

to form new ones.

According to Gagne (1965, 30-31), these varieties of learning were
determined in accordance with the conditions required to bring them about.
Thus, for example, the preconditions for signal learaning are the nearly
simultaneous presentation of two forms of stimulation, UCS and CS. Those
for principle learning are the prior learning of related concepts and the
chaining of these concepts.,

This scheme has the advantages of having a practically important base
and of at least formally relating simple learning types with more complex
forms like Gagne's principle (GP). (To minimize the possibility of
confusion I shall use GP to refer to the sense in which Gagne has used the
term principle). Still, there are important limitations. Gagne's originai
representation (1964) of principles and problem solving did not use the
S-R language. In his later formulation (Gagne, 1965) he has attempted
te show similarities by considering principles to be chains of concepts,

but the analogy is somewhat strained. Concepts are not directly observ-

able whereas the S-R links in a chain can supposedly be made so. Using
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chaining mechanisms in both situations may indicate sinilarities which are
more apparent than real.

No such difficulties are encountered when the learning types are
represented in the SFL with the counterpart of GP taken as basic. GP may
be characterized (I, D, O, R) where the properties in I
and those in D refer to stimulus dimensions (i.e., higher
order properties), O refers to a class of operations (i.e., an abstract
operation relating a set of stimuli and a set of responses), and R refers
to a class of responses. The denotation of such a principle, symbolized
((S4, Ry)| 1 =1, 2, ... and for all Sy, (Sk, Ry) &nd (Sk, Ry) implies
R, = Rp], consists of a set of S-R pairs with a variety of different
responses and with each stimulus paired with only one response. The repre-
gentation of a principle statement in the SFL, "If I, then R = 0(D)," is
of the same form, but more detailed than that, "If A, then B," used by
Gagne (1964, 1965).

The other types of learning, identified by Gagne (1964, 1965), turn
out to be either special cases or a composite of principles. Concepts are
simply principles in which the properties in I = D refer to a class of
stimuli, but are not dimensions, and those in R refer to a single response.

Although not a necessary condition, O is simply a logical rule for combining

L

relevant attributesin most studies of concept learning'(e.g., Haygood &
Bourne, 1965; Brunmer, Goodnow, & Austin, 1956; Hunt, 1962, The denotation
of a concept, symbolized [(Sj, R1)|Ri =R, i=1, 2, ...}, consists of

a set of S=R pairs where R is a constant,12

~-

12,1 many-one S-R pairings are not concepts in this sense. They may also
consist of a number of discrete S-R associations with only one respomse.
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In order to represent simple S-R associations and sign 1earn1ng,13
the SFL formulation is restricted still further. The (properties in)
I = D refer to a singie stimulus, R to a single response, and 0 to a
simple mapping (i.e., association) between D and R. In this case, the
denotation 1s a set consisting of a single S-R pair.

Notice that in much association learning, the response learning phase
(i.e., the connection between mediating stimuli and overt responses) 1is
of considerable importance (e.g., Underwood & Schultz, 1960). Of primary
concern in higher forms of learning are the identification of critical‘
stimulus cues (i.e., I and D which correspond to mediating responses) and
learning the combining :Lle. The internal R-overt response pairing, such
as between numbers (internal) aszd numerals (overt), are typically well-
learned prior to concept and principle iearning. Nonetheless, the
application of a learned principle (statement) involves the perception
(or determination) of the relevant stimulus properties which, in turn, are
transformed into internal response properties (which previously have been
tied to observable responses). In those cases where S is unable to
determine the critical stimulus properties, carry out the rule, and make
the results of the rule observable, successful application would be
impossible. Thus, for example, applying -2 principle, where 0= Q&;%_L)N

and D = (A, L, N), to find the sum of an arithmetic series, involves

e

135ion learning can be viewed as a principle which might be stated, "If a
light appears, then elicit a worry response (since a shock will follow)."
Clearly an animal cannot learn a verbal statement of this sort, but he can

operate according to some such plan. There seems to be no a priori reason

vhy animal, as well as human, behavior cannot be viewed in terms of a
principles. On the other hand, there may be no important reason to do so

since animals have no language system for transmitting principles with all

that undoubtedly implies for complex forms of learning and behavior.
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determining the properties in D, The determination of N, however, has
proved to be a non-trivial task for junior high school Ss (Scandura,
Woodward, & Lee, 1965).

ot having acquired the necessary “perceptuaf%ﬁrOperation, response
learning) skills required to apply a particular principle, however, does not
necessarily imply that S cannot make use of a different principle having
the same observable characteristics (demotation). It is often possible ‘o
start at a lower level--with more readily discernible (stimulus) proper-
ties. 14 The number of terms, N, in an arithmetic series, for example, can
be derived from the foramula 0' = (L + C - A), where D' = (A, L, C) and C

C
is the common difference beiween adjacent terms, C presumably being easier

to determine than N, In this case, the derived rule, 0" = (A+L) (L#C-A),
where D' = (A, L, C), can be viewed as a compogite operation :ith“ OS(D') z
o[0'(D')] = O0(D). In this formulation, the operation 0', of course, must
be viewed as mapping each value of A, L, and C in D' into the corresponding
values of A, L, and N in D. A composite operation, of course, has the
same properties as any other operation. Unless the responses vorrespond-

ing to each constituent operation ¥¢eactually obseryed, guessing the stages

lépccording to this view, determining characteristics and perceiving
characteristicc are one and the same process-~the difference simply being
one of degree. Thus, just as "16" can be derived from v1," '7," and Y4,"
"4" cun be derived by counting the numerals in "1+ 3 + 5 + 7"--the nume.als
being still more easily discernible (than "4").

In most experimental studies, 'Tuvolving percéptionidirectly), the
concern has been primarily with less abstract characteristics--typically
physical properties of the stimulus. In such cases the derivation rules
are probably well learned. Still, all Ss at ome time or other had to
learn how to determine even physical characteristics. The new-born infant
presumably is very limited in its abilit~ to decode information. Perhaps,
it is the few such abilities that it does have, such as withdrawal
tendencies from aversive stimulation, which provide a basis for determin-
ing higher-order abilities.
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a learner went through would appear to serve no useful purpose.15

The ability of the SFL to effectively represent multiple discrimina-
tion learning depends on the priuciple identifying properties. Presumably,
a number of discrete S=R pairs become well-learned and interference free
when the sets, I, of identifying properties, corresponding to the distinct
pairs, are disjoint. The denotation of multiple-discrimination learning

would consist of a number ofddistinct:onerpair:sets.

Notice that the principles involved in multiple-discrimination
learning can be of a more general sort. Moreover, such principles can
relate to a superordinate principle. The statement, "If a number series,

then the sums may be obtaiaed by sequential addition,"” in some sense refer: i

to a principle of higher order than do the statements, "If an arithmetic

series, then sum = (A + L)y" and "If geometric, then A-ARDHL v etc.16
2 1-R
It is presumably this sort of knowledge that Gagne (1964, 1965) has in

* 1500mposite operaticans appear to correspond to the notion of chaining in
the S-R mediation language but as suggested above the former correspond

- to connections between mediating responses and their stimulus properties
rather thar between stimuli and responses.

161t is worth noting that a single principle may refer to the same
stimulus class as do a number of more restrictive principles taken collec-
tively. The principles, "If large and black, then (the response varies
with) shape" and "If large and white, then shape,” may be considered
special cases of the principle, "If large, then color and shape." The
latter, more general, principle at once has fewer identifying cues and
more response determining dimensions than the other two. In effect, it

‘ appears that critical response dimensions are traded off with critical
principle identifying cues. The more general the principle, the more
stimulus attributes vary with the respcnses; the more specific the principle,
the more stimulus properties are required to identify the principle. The
total number of critical properties remains constant.
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nind when he refers to problem solving.l?

This discussion provides another powerful argument for adopting the
principle, rather than the association, as the basic unit of behavior in
meaningful learning. iNot only is the principle able to account for
structure, without postulating complicated chains and hierarchies of

unobservables, but the principle has the important advantage of mathematical

parsimony. When stripped of non-essentials, the set of observable stimuli
and responses, which constitute the denotation of a principle, corresponds
exactly to the mathematical definition of a function. The association,

on the other hand, is a special case.

The role of directions. - Directions serve an important role in

almost all experimentation with humans. With meaningful learning, this
rcie may be critical (e.g., Maier, 1930; Gagne, 1962, 1964). According ‘

to Gagne (1964, 305), directions may serve to: (1) identify the terminal

performance required, (2) identify parts of the stimulus situation, (3)
aid the recall of relevant subordinate performance capabilities, and

(4) channel thinking. The characterization of a principle as an ordered
four-tuple (I, D, O, R) reflects each of these functions. R refers to
the desired class of responses; I and D refer to the critical stimulus
cues; and information about 0 may serve to aid recall and to channel
thinking. Giving 'complete" directions, of course, would amount to

, stating the principle.

171n contrasting Gagne's classification scheme with the present formula-
tion it is well to keep in mind the difference in purpose. Gagne (1964,
1965) was concerned with classifying learning according to the necessary

i and sufficient conditions for its occurrence. Present concern has been to
' show how the SFL provides a valid base for formulating each of these learn-
ing types. Although the preceding discussion suggests that the necessary
preconditions for learning can also Le derived from the SFL formulation,
further discussion is beyond the scope of this paper.
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in other situations, however, it appears that directions serve a
higher order role. They seem simply to define the context, to limit the
number of principles which might be evoked in the given situatioan. This
function is served, for example, when S is told to find sums,thereby

making it possible for him to restrict his attention. Such directions

would appear to serve a motivational function; it is by such direction
that psychologists attempt to manipulate the motivational factors involved
in learning. Detailed consideration of the underlying mechanisms is
beyond the scope of this paper but they would appear to be compatible

with the SFL.
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EMPIRICAL RESEARCH

The research reported in this section was formulated and completed
prior to the development of the SFL in its present, but still preliminary,
form. In the beginning, there was just a vague feeling that a new approach
to meaningful learning was needed. The later research was based on a
preliminary formulation of principles solely in terms of their denota-
tions. I have tried to indicate both the chronmology of this development
and some of the pitfalls which helped to shape my thinking.

Pilot Research on Response Consistemcy. - During the summer of 1962,

Creeno and Scandura (1966) found, in a verbal concept learning gituation,
that essentially S either gives the correct response the first time he
sees a transfer stimulus or the traasfer item is learned as its control.l®
1 later reasoned that if transfer obtains on the first trial, if at
all, then responses to additional transfer items, .under’ certain conditions,
should be contingent on the response given to the first transfer stimulus.

In effect, a first transfer stimulus could serve as a test to determine

vhat had been learned during stage one, thereby making it possible to
predict what response $ would give to a second transfer stimulus.

To test this assumption, I had a number of pre- and post-doctoral
psychologists over-learn a short 1ist of S-R pairs like that shown in
Figure 1. Prior to learning the 1ist, both the Se and E 2greed on the

relevant values and dimensions--size {iarge-small), color (black-white),

187he learning (list 1) and transfer and control (iist 2) stimuli were
Underwood and Richardson (1956) nouns, the responses were nonsense
syllables, and the lists were learned by a self-paced anticipation method.
The transfer stimuli belonged to the same concept category as ome subset
of the learning stimuli.




TEST ONE TEST TWO

black

+ large

Zﬁ& + white

\
\\ 2 small

Fig. 1. Sample learning, assessment (test one), and prediction
(test two) stimuli and responses.

and shape (circle, triangle), The Ss were told to learn the pairs in the
most efficient manner possible as this might make it possible to respond
appropriately to the transfer stimuli. After learning, the test one
stimuli were presented and the Ss were told to respond on the basis of
what they had just learned. Positive reinforcement was given no matter
what the response. The test two stimuli were presented in the same manner.
The results were clear cut. Most of the Ss gave the responses,
black and large, respectively, to the two test one stimuli (see Fig. l.j,
and those who did, almost invariably responded with white and small to the
test two stimuli. On what basis could this happen? It was surely not a
simple case of stimuius generalizaticnj the responses given did not depend
solely on common stimulus properties. The first test one stimulus, for
example, is as much like the fourth learning stimulus as the first (see
Fig. 1.).

Perhaps the simplest interpretation of the obtained results, is that

sl s & e s A% AALe
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most of the Ss discovered the two underlying principles during list onme
learning and later applied them to the test stimuli. These principles
might be stated, ' If (the stimulus is a) triangle, then (the response 1is
the name of the) color" and "If circle, then size." The former principle
18 characterized by letting I = (trianzle, color), D = R = (colorj, and
0 = identity mapping. The corresponding denotation would be [(S, R)|S is
a colored triangle and R is the name of the S color].

The results obtained in this miniature pilot experiment (which I
have repeated a number of times) provide support for the contention that

principle learning is an all-or-none affair. The Ss either learned the

principles (S-R relationships) or they didn't; there was no difference in

test one and test two performance. Not all of the Ss, however, learned

the two principles indicated above. Apparently, some of the Ss ignored
; the similarities between the four pairs and learncd them in rote fashion--

i.e., as four distinct principles, each involving an object and the

corresponding word response. Under such circumstances, random test
performance would be anticipated.
The results of another pilot study, conducted at the University of

Michigan during the summer of 1963 and reported by Scandura (1966), were

Ll

also revealing. In this case, Underwood & Richardson {1956), high dom~

e i

inance nouns were used, nouns which elicited an adjective associate with

a frequency greater than 50%. Eleven college Ss overlearned a list con-
sisting of four pzirs of stimuli representing four adjective categories.
Both stimuli in a given category were assigned a common response. The
four test one and four test two stimuli were also high dominance nouns
selected 8o as to represent each adjective category. The task was put

e in the context of a game and S had the option of responding to the test

Full Tt Provided by ERIC.
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stimuli with, "I don't know," when none of the four learned responses
seemed appropriate. Without this control, appropriate responding to a
transfer stimulus would have occurred by chance in about one out of four
cases. Again, positive reinforcement was given for all choices.

The results with these concept materials were equally revealing.
In ‘se cases where transfer potential was indicated, the responses to
the second set of stimuli conformed to prediction in 47 of 52 cases.
Furthermore, when asked, all but two of these Ss correctly identified the
common adjective as the basis for their test respomses.

Nonetheless, these results cannot be interpreted as unambiguously
as in the first pilot study. All of the important stimulus dimensions,
could not be identified a priori. In concept learning experiments, using
the Underwood and Richardson (1956) materials, it may be desirable to
assume that the set of determining properties, D, equals the common

adjective.19 20

19ith actual subject matters assessment sometimes presents additional
problems. In the first place, it is not always easy to specify uniquely
the basis for an overt response. There is usually more than one path to
the goal. Consider, for example, a situation, which occurs in the Uni-
versity of Illinois Committee on School Mathematics Program (Jack Easely,
personal communication), in which S is asked to compute 35 *+ 449 + 35 °
551 as rapidly as possible. S can laboriously multiply 35 times 449 and
35 times 551 and then add the products or he can recognize this is an
instance where the distributive principle would allow him to compute
35(449 + 551) = 35 + 1000 = 35,000, Clearly, it is not the sum alone
vhich determines what is learned (i.e., the "way" in which the problem
is solved), but the time it takes to respond. If the correct answer is
given in a short time, the distributive principle was probably used.
Giving the answer in a relatively long time would likely indicate the
usual computational rule. In either case, the principle used would be
reflected in the denotative response uait chosen. If S gives an incor-
rect answer or if the problem is so easy that there would be little time
differential no matter how S does the computations, further complications
are introduced.

In short, the careful selection of test stimuli and responses is essen-
tial in order to assess knowledge. Ideally, these elements should be
chosen so as to eliminate all modi cperandi but the one in question.




Principle Learning. - The question of relationships between S-R
pairs seems so basic, and so obvious, that ome wonders why it has not
been studied extensively. Because it provides a simple context in which
to contrast mediation and set-function formulations, the problem is
described in some detail.

Consider a paired-associate (PA) context in which the relationships
between four pairs are varied while the other factors are held constant.
In Figure 2, such a manipulation is accomplished by selecting the two

principles indicated by, "If black, then shape" and "If white, then size."

Insert Figure 2 about here

In the experimental list, two pairs correspond to each of the two

Although probably not attainable, this ideal can be approached in many cases.

Another problem involved in work with actual subject matters is that of
complexity., More than one principle may, and usually does, enter into a
single test response. To determine the learning underlying the response,
it is often necessary to assess each primciple individually, as in diagnos-
tic work with scheool children.

In many test situations, there are few available responses from which to
choose (as in True-False and Multiple Choice tests). Under these conditiors,
there are additional problems of assessment gince there is a high probabil-
ity of giving any particular response (by guessing) irrespective of learn-
ing type. A similar problem obtains in assessing concept learning. There
are at least three ways of minimizing this problem: (1) present more than
one test stimulus, (2) include appropriate controls for comparison (e.g.,
Greeno & Scandura, 1965), and (3) provide an alternmative for guessirg as
was done in the pilot study describsd above.

20The agsessment methodology employed in this research may be used in
conjunction with two types of variable: (1) those which affect the prob-
ability of principle learning and (2) those which affect response consist-
ency. Giving directions and presenting cues, hints, or other attention-
getting devices provide examples of the former type of variable. The
consistency with which S responds according to a learned principle may be
influenced by feedback,as well as inmstruction variables, operating betweer
the first and second test responses.

A study dealing with the effects on principle learning of cueing various
relevant stimulus properties is currently underway in our laboratory.
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principles. The control stimulus properties (sizes, colors, and shapes)
and responses (shape and size names) are identical with those in the
experimental list. In addition, the responses, in both lists, are names
of the corresponding stimulus properties. Any differences in the learm-
ability of these lists would be hard to attribute to anything but the
presence of relationships between pairs in the experimen:ial list.21

Assuming S and E agree on the relevant stimulus dimensioms, 8's
task in learning the experimental list can be viewed as that of discover-
ing the principle identifying (I) and response determining ' (D) .attributes
since 0 is the identity map between D and R. On the other hand, § couid
learn the experimental list without noting any relationships between the
pairs. Only one alternative is available in learning the control list;
there is no principle involving more than one pair. To the extent that
relationships between pairs are noted, the experimental list should be
easier to learn.

The mediation description of the list contingencies in Figure 2
leaves much to be desired. The representation of principle learning is
relatively complex and would have been even more so had we mnot let "rs"
represent the typically made distinction between mediating responses and
their assumed stimulus properties. No single chain, for example, can
adequately represent principle learning in which more than one pair is

involved.22 The 1-1 pairing between the Si and R4 (i =1, ..., 4) does

211t may appear that an appropriate control list could be constructed by
pairing the experimental stimuli and responses in random fashion., Alas,
this turns out not to be a critical control. Any differences between the
groups could then be attrihuted to pre-experimental associations (in the
experimental group) betweea stimulus properties and the corresponding
responses (shape names) rather than to relatiomships between pairs.

22The S-R representation proposed is original with th: author as far as
can be ascertained.




not follow from an analysis of the S=R links in the longer three stage
chain. The chain does mot make clear, for example, why R; is the resporse
to S; rather than R,. The more direct two-link chains involving the rsy
(1=1, ..., 4) serve this purpose.

In view of this complexity, perhaps the most crucial limitation may
prove to be the inaiility of S-R formulations to lead one to ask practical-
ly important questions concerning meaningful learning. The S-R representa-
tions that would seem to be called for bear more than a passing resemblance
to pre-Copernican epicycles and related attempts to salvage geocentric
theory.

With the assistance of Judith Anderson, I (Scandura, 1967) conducted
a pilot study that is relevant. Its purpose was to determine relationshivos
between the number of S-R pairs per principle, in a PA list, and learning
rate and transfer.

The materials to be learned consisted of 12 pair lists. Each stimulus
had a property relating to shape, border, shading, outline, and color.

Four colors and eight values of each of the other four attributes were
used. The responses were descriptive labels attached to the non-color
stimulus properties (e.g., circle). Of the 12 pairs in each list, six
were instances of one principle (P6), three were instances of another (P3),
two were instances of a third (P2), and one was an instance of a fourth
(P1). The principles were constructed so that the same principle applied
to all stimuli having a particular color. The response determining cue
was either a shape, a border, a shading or an outline. The four colors

and the determining attribute dimensions (e.g., shape) were randomly
paired to form four principles (e.g., If black, then shape), which appeared

equally often under each condition. The PA list was learned by the
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anticipation method to a criterion of three consecutive errorless trials.

To determine whether the principles were acquired sometime during the
list learning, each S was shown two transfer lists of four mew stimuli
each, eight in all. Each transfer iist included one stimulus, assoclated
with each of the four learning principles. Responding according to one of
the principles was presumed to indicate that that prir~iple had been
learned.

Prior to learning the original 1list, each of the 20 college Ss was
pre-trained so that he was familiar with the stimulus dimensions and could
name each stimulus property. These responses were typed on a card and
were always available to S, In addition, S was told that a pattern was
involved which might facilitate his learning and guide his responses to
the transfer stimuli.

The dependent variables were the average number of errors per
instance (i.e., an S-R pair associated with a principle) for each S (on
each of the four principles) and the number of appropriate responses to
the transfer stimuli.

Except for a very small reversal between treatments P3 and P2,
learning rate (i.e., the average number of errors per instance) decreased
with the number of instances per principle: 5.0, 3.4, 3.5, and 2.7,
respectively (F = 8.76, df = 3/76, p < .001). The difference between P1
and P2 was significant (F»= 11,50, df = 1/76, p < .01) but none of the
other adjacent means differed significantly. Under the experimental
conditions, the rate of learning an S-R pair increased with the addition
of a second S-R instance but increasing the number of instances still
further apparently had little effect.

The number of appropriate responses to the transfer stimuli was aleo

& ¢
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affected by the number of instances per principle. There were 27, 8, 15,
and 9 appropriate responses (as indicated by the experimental principles)
given to the P6, P3, P2, and Pl transfer stimuli, respectively. Although
the trend was not entirely regular, a sign test indicated that the degree
of principle learning was higher in treatment P6 than in the average of
treatments P3, P2, and P1 (z = 2.6, p < .005) .23

Another analysis demunstrated that P6 transfer was related to learn-
ing rate. Of those 9 $s who responded appropriately to both P6 transfer
stimuli, 7 had below median (2.61) error scorzas, indicating more rapid
learning; of those il Ss who responded appropriately to at most one test
stimulus, 8 had above median error scores, indicating slower learning.
An exact probability test (Finncy, 1948) on the resulting 2 x 2 contingency
table indicated a significant r:lationship between P6 transfer and learning
rate (p < .035). The small number of Ss who gave two appropriate responses
with respect to the other principles precluded the possibility of obtaini:ug
significant relationships. Only 3, 5, and 2 Ss gave both desired response:.
to the P3, P2, and Pl test stimuli, respectively.

The list learning and transfer results were not entirely consistent.
The inclusion cf more than two instances did not affect learning rate,
but it may have affected transfer. These results could reflect real
differences or be simply artifacts of the situation. In either case, the
overall pattern of results was sufficiently clear to make any interpreta-
tion in terms of stimulus or response generalization extremely difficult,

if not impossible. Scoue resort to S-R generalization (Hull, 1943;

231t might be argued that the difference in the number of appropriate
responses was due to there being move responses per category in treatment
P6. When in doubt, the Ss may have tended to give a response from the most
frequently experienced category. A comparison, however, of the average
number of P6 responses given to the P3, P2 and Pl transfer stinuli (16) was
not significantly higher than the ten P3, P2, and Pl responses given to the
P6 stimuli (p > .10).




-36=

Berlyne, 1965) would appear necessary.

Principle Generality, Learning, and Response Ccnsistency. = Subject

matter specialists, particularly those in mathematics, are inclined to
emphasize the importance of teaching general, rather than specific,
principles. Experimental data, on the other hand, indicate that the more
clogsely learning an¢ test stimuli approximate one another the better the
test performance.

Armed with the denotative characterization of a principle, as a set
of ordered pairs, Woodward, Lee, and 1 (Scandura et al, 1966) set out to
reconcile opinion with apparently discrediting fact. In particular, we
were concerned with the éffects.of principle generality on learnability
and transfer. In the sawe study, we also explored the response consistency
hypothesis with more complex materiais. Two experiments were conducted,
the independent variable in both cases being the scope of a principle
statement, Scope was defined in terms of the corresponding denotation,
one statement being more general than another if the demotation of the
former included the latter.24

Our original hypotheses were that: (1) the scope of a principle
would be fully reflected in performance, there would be little success
with extr: scope problems and no differences in performance on within-
scope problems, (2) the learnability of a statement, as determined by
within-scope performance, would depend on scope, and (3) the combining
rule taught would be used on all problems under conditions of non-

reinforcement,

24jotice that defining a denotation as a set, nakes it possible to consider
a variety of other relationships between different denotations, In parti-
cular, two denotations may be discrete (have no instances in common), over-
lap, or identical in addition to being ordered (one being more general than
another).,
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In the first experiment, each group of 17 college Ss was presented
with one of three ordered priuriples dealing wich a number game called
NIM (Banks, 1964, 55-58). In the gaue, two players alternately select
nunbers from a specified set orf consecutive integers, beginning with one,
and keep a running sum. The winmer is the one who pic%s the last number
in a series with a predetermined sum. If this sum is 31 and the set
consists of the integers 1-6 the players alternatively select any number
from 1-6 until the cumulative sum is either 31 or above (in which case
no one wins). There is a compound rule which allows the player who goes
first to win any such game, "divide one more than the largest number in
the set into the desired sum--make the remainder the first choice--on
subsaquent tries, consistently select that number which when added to
the opponent's preceding choice sums to one more than the largest number
in the set."

Each such game could be characterized by an ordered pair of integers.
The application of each principle was illustrated with a commcn (6, 31)
game. The least general principle (S), adequate for winning only (6, 3i}
games, was stated, ", ..make 3 your first selection. Then...make selections
so that the sums corresponding to your selections differ by 7. Principle
(SG) was adequate for solving (6, j) games j = 1, 2, ..., n and was
stated, "the first selection is determined by dividing the desired sum by
7. ...Then...make selections so that the sums corresponding to your
selections differ by 7.” The most general principle (G) was adequate for
golving (1, j) games i =1, 2, «vop, 3 J = 1, 2, ..., n and was stated,
the first selection is determined by dividing the desired sum by one more
than the largest integer in the set from which the selections must come.

...Then...make selections so that the sums corresponding to your selections
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differ by one greater than the largest integ2r in the set from which the
selections must come."

All Ss, including two control groups, were tested on three problems.
The first was within the scope of each principle, the second within the
scope of all but principle S, and the third only within the scope of
principle G.

The results were straightforward. Of those 13 Ss in group § who
solved problem one, none solved problem two, and only one solved problem
three. The corresponding numbers for groups SG and G were, respectively,
5, 4, 0 and 5, 5, 4. Within the scope of each principle there were only
chance differences in performance on the problems. On the other hand,
only one S solved an extra-scope problem,

The relative interpretability of the three rule statements was
determined by comparing group performance on problem one which was within
the scope of each. Rule S proved to be easier to learn, under the self-
paced conditions, than .did the rules SG and G (p < .007 in both cases).
There was, however, essentially no difference in the interpretability of
rules SG and G.

The third facet of this research was concerned with the consistency
with which presented principles are applied. We wanted to determine
whether the S and SG Ss would use the rule taught even when it was
inappropriate (on the second and third problems). To make thls possible,
no information was given as to when the principles were and were not
appropriate. In effect, the properties belonging to the set, I, were not
specified--the "if' statement was identical for all three rules.

Of the 17 S Ss, 13, 9, and 8 used the rule taught on problems one,

two, and three, respectively. The corresponding numbers in groups SG
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and G were 7, 7, and 5 and 6, 6, and 6. Although there was a slight
tendency to not use the rules taught on problems two and/or three, there
were no significant differences in frequency of use.,

These results certainly provided strong support for our original
hypotheses: (1) performance on within-scope problems did not differ
appreciably, even though the common illustration was more similar to
problem one than th~ others, and successful problem solving was limited
almost exclusively to within-scope problems, (2) rule S proved easier
to interpret than rules SG and G, and (3) the rules taught tended to be
used consistently on all problems whether they were appropriate or not.
The first mentioned result is particularly interesting since it tends
to cast doubt on the assumption that there is a generalization gradient
associated with S-R gemeralization and therefore provides indirect
support for a rule interpretation (e.g., Berlyne, 1965, 171-174) .23

About the only major unanticipated result in experiment one was that
rule G proved as easy to interpret as rule 5G. In view of the rather low
proportion of successes in these groups, we were originally tempted to
attribute the lack of such an effect to scale insensitivity.

To determine the generality of these findings, a second experiment,
dealing with arithmetic series, was conducted with junior high school
Ss. In this experiment, both scope (S, SG, G) and example (present,
absent) were varied independently. One of the basic ideas, adequate for

sunming arithmetic series, repeated addition, was already familiar to

25Even if a generalization gradient is eventually demonstrated, S-R
interpretations will have to consider the possibility that the result
is simply an artifact resulting from the use of continuous dimensions
and individual differences in "just noticeable differences" (e.g. see
Lykken, Rose, Luther, & Maley, 1966). To the extent that the variables
involved ia meaningful learning are discrete, a rule interpretation may
prove more useful.

v ——




-40=

most of the Ss and it was felt that an illustration of a rule might
provide a basis for generalization, via discovery, to extra-scope problems.
Another difference between this experiment and the first was that rulz S,
50 x 50 (=2500), was effectively an answer given treatment and applied to
only one series. It was used both as the common example and as problem
one, In experiment one, rule S applied to a class of gaues.

Although the pattern of results shown on Table 1 paralleled those
of experimeut one in most respects, there were several important differ-
ences, First, the presence of the example (problem one) along with rule

S resulted in significantly better performance on problem two than when

e

TABLE 1

Summary., number of correct sums (uses of rule taught)
on problems one, two, and three

Rule Rule and Example
N one two three N  one two  three
Group S 20 8(5) 1(1) 2(1) 21  20(20) 9(0) 3(0)
Group SG 20 5(5) 4(5) 0(5) 15 11(12) 8(9) 1(6)
Group G 19 3(5) 5(7) 2(7) 19 18(18) 14(16) 3(15)

rule S was shown alone. This was the only case in both experiments where
non-negligible success was noted on an extra-scope problem. Using the
analytical tools described above, it is conceivable that this effect was
due to an important conceptual difference between the rule S statement
and the others. "50 x 50" is clearly an instance of the more general
combining rule, "n x n = n2." This was not the case for any of the other
rules. Presumably, the statement of rule S, together with the common

illustrative series, 1 + 3 + 5 + ... + 97 + 99, provided the successful
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S Ss with enough cues to gemeralize. In particular, they may have dis-
covered that this series had 50 terms. Hindsight suggests that this
difficulty could have been overcome by simply statingqthe sum, 2500, of
the illustrative series rather than "50 x 50."

Second, only three of the 19 G-with-example Ss solved problem three
whereas 18 solved problem one and 14 solved problem two. The decrement
between problems two and three was significant (p < .004). The reason
for this difference was not immediately apparent. An intensive post hoc
analysis of the test papers, however, suggested that ;he result may have
been due to a difference in the derivation rule for determining the
number of terms, N, for use in the combining rule, Qij;LQN. N could be
determined from problem series one and two by taking tﬁe average of the
first and last terms. This procedure led to an incorrect value (25,
rather than 24) for N in the third series, 2 + 4 + 6 + ... + 46 + 48,

In short, the difficulty was not in the rule itself but in finding the
correct value of N. Such difficulties may be circumvented in future
experimentation by controlling for unwanted differences involving
identifying properties, D (and/or combining rules, 0).

Third, the results of experiment two cast further doubt on the
hypothesis that the interpretability of a principle statement depends
solely on the generality of its denotation--although it may tend to covary
with generality. As indicated above, the more general the principle, the
more abstract the properties and rule used to characterize it. Abstract-
ness, of course, refers to the hierarchical level of the set properties--
one property being more abstract than another if it refers to a collection

which includes, as elements or derivatives thereof, sets to which the less

abstract properties apply.
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The interpretability of principle statements (“then" clauses in the
present study) of varying generality may depend on both abstractness and
the way the properties.in I, D and R and the operation O are represented.
Thus, making operational use of the felatively abstract arithmetic series
property, "the difference between adjacent terms in some common value,*
necessarily presumes that, ‘the difference between adjacent terms is two, "
",..three," "etc.,” can all be correctly interpreted. The converse,
however, does not necessarily follow. Interpretability may also depend on
the symbols actually used to denote the critical properties (in the sets
I, D and/or R and/or 0). Whereas “N" might suffice for ome §, another
might require, "the number of terms in the series." Both have the same
referent, but the former symbolizes the latter expression more succinctly.
Similarly, one S may be able to 'compute (éaﬁLLQN" whereas another could
not, requiring instead a statement like, “adi A to L, then, divide the
resulting sum by 2, and finally, multiply the quotient so determined by
N." The latter rule statement simply makes clear the sequence of steps
and binary operations implied by the algebraic statement 26

These observations lead to the following tentative definition of

description level. Symbolic representation A is of a higher level than
B with respect to some reference symbolism (usually the native language)

if the translation of A into the reference symbolism requires all of

26Why one way of symbolizing a statement is more interpretable than
another, rather than vice versa, is a difficult question to answer, but

it probably relates to the order in which symbolizationms are learned

(i.e., the native language f*rst). Ordinarily, shorter statements are
substituted for longer ones as their use becomes more frequent. Pcrhaps
this is a natural process resulting from man's tendency to recode
information into a manageable number of chunks (e.g., Miller, 1956) . At
any rate, it is to be expected that the shorter and simpler the representa-
tion, the more easily will it be learned and remembered.
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those reference symbols needed to translate B plus some additional

symbols of its own. Statements generally can be only partially ordered
as to description level.27

In addition, since both abstractness and description level may vary
concurrently, not all statements, referring to the same principle, are
necessarily comparable as to interpretability.

Fourth, only one of the Ss who was shown the rule, 50 x 50, applied
it to problems two and three. This result can probably be attributed to
an interfering effect due to prior familiarity with addition problems.
The Ss may simply have mistrusted rule S. How could a rule, like 50 x 5T,
having only one answer, be the sum of all three problem series. Most
junior high school Ss would find it unreasonable that the series 1 + 3 +

ees + 99 (problem one) and 1 + 3 + ... + 79 (problem two) have the same

27A1though they were not directly involved in the present study, there are
at least three other ways in which principle statements may differ as to
interpretability. First, the form of the statement may differ. Thus,
instead of "If A, then B," a principle might read "B whenever A." ‘Such
differences could be important, especially at early developmental levels.
Second, the determining properties may be partially ordered as to
discernibility. Property A is said to be more discernible than property
B if the determination of b recuires the determination of A along with
the determination of otber properties or the use of one or more additional
combining operations. In this sense, the first term, A, in an arithmetic
series is more discernible than the number of terms, N. Determining N
requires the discrimination of A and all of the other series terms plus
counting.
Third, combining operations may also differ as to interpretatility
even when their domains and ranges are identical. Rule A is caid to be
more interpretable than rule B if rule A is equivalent to rule B but the

————

simplification of rule B (to produce the desired response) necessarily
involves A. The combining rule bé-a4, for example, is more inierpretable
than the rule ?t dt, where the parameters a and b and the determined value
are the same i: both cases. The simplification of ?t dt (= 33:23 )
involves the algebraic rule QZ:QZ, How broadly app?icable thiz defini-
tion is is an open question, bit it would appear to hold promise as a

first approximation.
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sum (50 x 50). Some such reluctance may also have obtained on problem

one with group S-without-example. Nonetheless, ve were surprised that

only 8 of those 20 Ss, not presented with the illustrative series, gave
the correct sum (2500 or 50 x 50$ for test-series one.

The most important feature of these exploratory experiments was not
the results, but the post hoc analyses they made possible. These analyses
have led to what I believe is an improved formulation of thke SFL, in
general, as well as of the problem of statement interpretability, in
particular. Most important, the present findings attest to the importance
of strictly subject matter cousiderations in behavioral research. A
growing body of research on meaningful learning (e.g., Gagne, 1961, 1962
Scandura, 1966, 1966, 1966; Roughead & Scandura, 1967) suggests that
structural consid:rations are often more crucial than strictly behavioral

variables such as amount of practice, massing, etc.




D b Ak C ot S

SFL .ANALYSES

In this section, four problem areas have been selected for SFL
analysis: (1) exposition and discovery learning. (2) reversal and non-
reversal shifts, (3) conservation tasks, and (4) syntactic and semantic
learning. Each of these problems has posed considerable difficulty for
S-R analysts. To my knowledge, only the reversal-nonreversal shift
problem has been successfully formulated in S-R terms (e.g., Kendler &
Kendler, 1962). Whether or not an S-R formulation can ultimately be
derived, however, is not in question. My point is simply that the SFL
is up to the task and that I doubt that S-R formulations, ev-°n if devised,
will be equally as helpful in generating fruitful research hypotheses.

Exposition and Discovery. - Previous studies involving expository

and discovery modes of instruction have not been entirely consistent,
even when the experiments, themselves, have apparently been well controlled
(e.g., Craig, 1956; Gagne & Brown, 1961; Haslerud & Meyers, 1958; Kersh,
1958; Wittrock, 1963). These discrepancies have been due, in no small
part, to the inadequate specification of underlying constructs. By
helping to strip expository and discovery contexts of unessentials, SFL
analyses may suggest important similarities and differences between
treatments. For the sake of brevity, I shall not attempt comprehensive
coverage of all possible expository and discovery treatments, but simply
to give enough of the [lavor of what is involved so that other analyses
may be inferred.

Learning by exposition may take several forms, most of which caxn be

reduced to interpreting statements of given principles. The scope of

such statements (i.e., the inclusiveness of the corresponding denotatioms)
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may differ greatly. In some expository treatments, the responses corre-
sponding to distinct stimuli are stated directly. In effect, the principles
involved all have one pair denotations. Such a treatment is typically
referred to as "answer-given" (e;g., Wittrock, 1963). In at least one
study (Gagne & Brown, 1961), the answers givern were formulas for finding
suzs of series rather than responses of the sort that have more typically
been used, namely sums. Such apparent differences have led to confusion
and have made direct comparisons difficult, if not impossible. Typical
characteristics of this type of exposition are that the sets I and D, in
the principle statements, are equal and the combining operation O,
effectively maps a single experimental stimulus into a single response.
In other expository treatments (e.g., Craig, 1556; Haslerud & Meyers,
1958; Scandura et al, 1965; Wittrock, 1963) more general principles
(often called rules since the "if" clause is usually left to be inferred)
have been used.

The criterion measures, used in conjunction with such treatments,
have included examples used during learning to illustrate the principles
(learning test), performanc> on new instancesof the principles taught
(transfer), and pefformance on new instances of new principles (nonspe-
cific transfer).28 In each case, test performance can be predicted on
the basis of what has been learned. Performance on the illustrative
items, of course, simply reflects the degree to which they are learned.
Similarly, performance on new, but within scope, items reflects the
degree to which the corresponding principle has been learned (1.e.,

interpreted correctly). Satisfactory performance on new instances of

28Although frequently measured, retention is not considered in this
analysis.




-4]-

new principles is to be expected only if either the principles presented
provide a basis for generalization (as the rule "50 x 50" provided a
basis for generalization to 'n X n"') or other appropriate, but usually
unidentified, modi operandi have been previously acquired.

Discovery learning typically involves presenting stimuli or instances
of principles and calling attention to critical stimulus cues, combining
rules, and/or relationships between the stimuli and responses. In most
experimental studies involving discovery learning, the learner is shown
one stimulus at a time and is given varying amounts and kinds of direction-
as to how he might determine the correct response. The learrnier may be
given hints which direct his attentionm, provide analogies, etc., as to
what the critical (stimulus) properties, in sets I and D, are and/or how
those in D may be combined to determine R. The more information given,
presumably, the more 1ikely is discovery to occur. Typically, a good
deal of cue selection and combination is left to the learner.29

In ccmparing learning by exposition and discovery, some investigators
(e.g., Craig, 1956; Haslerud & Meyers, 1958; wWittrock, 1963) have been
concerned solely with the manipulable aspects of the stimulus situatiou.
The occasion for reception or discovery learning is provided first and,
then, followed by a test(s) for transfer. The results of such testing,
however, are typically biased by uncontrolled differences in original
learning. Since the relative ease of learning by exposition and discovery

undoubtedly depends on the pmaterial in question, this approach can hardly

29pnother form of discovery is often used in the classroom. In this case,
§ is presented, in turn, with several instances (S-R pairs) of a principle,
with or without hints, and, then, is asked to give the correct response

to the stimulus member of a new instance (Scandura, 1967). In effect, the
learner is required to abstract a common combining rule. As indicats
earlier, this process involves determining the properties in 1 and D and.
in turn, discovering the common derivation rule for going from D to R.
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be expected to achieve definitive results insofar as transfer is concer::.4d.

Other investigators (e.g., Gagne & Brown, 1961) have been careful to
equate original learning before testing for transfer, but they are open to
criticism for not making explicit the relationships between their treatment
and criterion measures. In particular, the relative advantages of reception
and discovery learning depend on what is presented, on what criterion
measure the groups are equated, and on what measure they are compared.3°

Since the study was well designed, apparently definitive, and con-
trolled for original learning, an analysis of the Gagne and Brown (1961)
study is particularly instructive. 1n that study, the Ss were presented
with number series, such as 1 + 2 + 4 + 8 + 16 + 32 + ..., and were either
given or required to discover algebraic formulas, involving the number of
terms, n, for summing any series beginning with the specified terms and
continuing with the same pattern. After completing a preliminary program,
designed to acquaint the Ss with the concept of a number series and a
number of terms relating to such series, three treatments were given. Cie
group (RE) was presented, in turn, with the correct formulas, another group
(6D) was given indirect guidance as to how to find such formulas, and a
third group (D) was instructed to find formulas and was given hints as to
what the formulas were like.

Since the error rate on all programs was reasonably low, it may be
assumed that the three groups learned the desired rules to about the same
degree. That is, each S who completed one of the programs was probably
able to write the correct formula associated with each series presented.

The required learning was simply a set of discrete one instance principles.

3°Learning ability is often cited;mﬁy pedagogical enthusiasts, as a major
advantage of discovery methods of instructiom.
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The combiniug operations, O, learned -by the R & E group, were probably
simple associations between the properties in D and those in R, leaving
little opportunity for abstracting a general rule for determining
formulas. The GD group, and to a soﬁéwhat lesser extent the D group,
had an opportunity to discover a stimulus procassing rule; a rule which
may have made it possible for them to determine the formulas correspond-
ing to the test, as well as the training, series.

One of my doctoral students, William Roughead, and I carefully
analyzed the training and test series as well as the discovery treatments
themselves and found that this was the case. The technique by which the
discovery Ss were led to discover the training formulas was also applicable
to the test series. There was, in effect, a common principle relating to
both the training and test series, but only the discovery groups had an
opportunity to discover it.

As might be expected on the basis of this analysis, the results
obtained by Gagne & Brown (1961) were clear cut. The test performance of
the discovery groups was reliably superior to that of the exposition group.
Gagne and Brown (1961) originally indicated that it might be possible to
guess what information would be helpful to the discoverer, but they could
not specify exactly why this information enhanced discovery. The present
discussion suggests that such answers can be obtained from SFL analyses.
The relationships become explicit in terms of the principles, statements,
and denotations involved. lore important, there appears to be no reason
to suspect that SFL analyses will prove any less useful in formulating

future research in this area.3l

31yilliam Roughead and I have recently completed a study in which "what

is learned' in discovery learning was taught by exposition and in which
the order of giving answers and providing an opportunity for discovery was
varied. The preliminary results appear very interesting and they will be
reported in the near future.
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Reversal and Nonreversal Shifts. = Figure 3 characterizes reversal
and nonreversal shifts. The objects shown vary on two dimensions, size
(large, small) and color (black, white). These objects are shown in pairs
and S is required to choose the correct alternative, indicated by + in
Fig. 3.

The experimental paradigm involves learning to make two discrimina-
tions, the second after S can reliably make the first. The first discrimi-
nation is identical for both groups; the second depends on the treatment,
reversal or nonreversal. On the first discrimination, in the example shown
in Fig. 3, size is the relevant dimension, large being positive. Color is
irrelevant. A reversal shift involves the game=ddwmension, size, but the

correct response becomes small. A nonreversal shift involves the color

dimension, black being correct.

First Discrimination Second Discrimination

Small Postive
- +
Large Positive \\ o
= W T
+ > - v ox e - e

WY

W

+
T-_-"‘ Black Positive
+ -
N\ —
_— t
NN

Fig. 3. Example of a reversal and a nonreversal shift.
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Preverbal children (Kendler, Kendler & Wells, 196C) and animals
(Kelleher, 1956) find nonreversal shifts easier to make than reversal

shifts whereas older, more verbal, Ss find reversal shifts easier (Buss,

1956; Harrow & Friedman, 1958, Isaacs & Duncan, 1962; Kendler & D'Amato,
1955). In a study with kindergarten Ss, Kendler and Kendler (1959) found
that fast learnmers, like verbal Ss, were better able to make a reversal

shift whereas slow learners, like preverbal Ss, were better able to make

a monreversal shift. It was suggested that the fast Ss approached the
experimental task with verbal labels for the correct stimulus already
strongly attached, the verbal label serving as a mediating link in a
two-stage S-R paradigm. The learning of the slow and presumably preverbal
Ss was assumed to involve a single-stage paradigm. Kendler and Kendler
(1962) explained the relative ease of reversal and nonreversal shifts in
terms of the number of S-R associations that need to be changed.

This interpretation, however, makes no provision for answering the

question of whether the increasing ease of making reversal shifts with

age is due to a gradual increase in verbal ability by all Ss or to some

specific characteristic had by a larger proportion of faster learning

children. Reformulating the reversal-nonreversal problem in the SFL

provides a basis for answering this questionm.

Since this problem is different, in an important semse, from any

previously encountered in this paper, some preliminary observations are

in order. For one thing, the stimuli consist of pairs of objects. In

addition, the critical stimulus (set) properties are relationships

between objects.32 Learning to make the first discrimination shown in

E 32gtimuli having a common relationship need not have any "physical"
property in common.
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Fig. 3, for example, may be equivalent to learning a principle in which
I = D = [one object larger than other], R = [larger object}, and O is a
rule vhich maps the relational property in D onto R.33 Such a discrimina-
tion can also be accomplished by learning two or more less general
principles. Notice that during the first discrimination task, S 1s never
presented with two large or two small objects. Thus, S could learn to
always choose the large black object when it appears and the large white
object when it appears. The fact that both are larger than the object
with which they are shown might, for ezample, go unnoticed with young
children. One such less general principle might be stated, "If shown
two objects, one of which is large and black, then the response is
determined by choosing the large black object."34

Learning a single relational principle on the first discrimination
should result in reversal shifts being easier than nonreversal shifts.
In a reversal shift the critical properties would remain identical, only
the operation, 0, would need to be changed--pick the smaller, rather than
the larger, object. A nonreversal shift would involve learning either
a completely new general principle or two new more specific principles,
in which both the critical cues (involving color) and operation need to
be identified. On the other hand, if two less general principles are
learned on the first discrimination, a reversal shift would involve

learning two new subprinciples (or one more general principle) whereas a

335 principle of this sort is analogous to what Brumer, Goodnow, and Austin
(1956) have called a relational concept. Although not treated here, there
is reason to believe that transposition phenomena (c £, Hebert & Krantz, 1965)
may also be reformulated in terms of relational concepts or principles.

341t should be emphasized that S need not be aware of verbal labels in
order to learn a principle. The statements in the text serve primarily a
definitional function.
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nonreversal shift would involve learning only one. The principle, indicated
by the statement, "If two objects, one of which is lzrge and black, then
choose the large black object,” is equally applicable to the original
discrimination task and the nonreversal shift task in which black is posi-
tive (see Fig. 3). Imn short, the relative ease of shift may be dependent

on "what is learned" on the first discrimination.

Of course, this interpretation is analogous to that presented by S-R
theorists (e.g., Goss, 1961); Kendler & Kendler, 1962). It is the implied
assessment methodology which provides the means for determining whether
‘‘what is learned’ is related to relative ease of shift. In order to
determine Ss basis for making the first discrimination, it is necessary to
employ dimensions, such as color and shape, which have more than two
easily discriminated values. This procedure would make it possible to use
two values of each dimension in presenting the first discrimination
problem leaving the other values for assessment purposes. Suppose, for
example, the four objects used in training are either black or shaded a:d
a circle or a square. Suppose, further, that color is the critical
dimension on the first discrimination. Then, the assessment procedure
might involve a new discrimination problem in which the four objects used
are describable in terms of the two colors (black, shaded) used during
training, and a shape (e.g., triangle) not so used.

In order to help minimize "strategy shifts,” between learning and
assessment, positive reinforcement might be given at each choice point, no
matter what the response. Under these and appropriate instructional
conditions, choosing, as positive, the object having the same color as
the positive object, used during training, would be indicative of learning

a general principle (concept) on the training task were it not for the
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high probability (1/2) of choosing this object by chance alone., Assess-
ment "certainty," of course, might be increased by using more test
discrimination tasks. This would be made possible by increasing the number
of values per dimension.33

Unfortunately, there is no relevant data. Because of the obvious
implications for future research in this area, earlier verificaticn of
this analysis is urged.36

Conservation versus Non-Conservation. - Questions relating to the
conservation (i.e., invariance) of such properties as amount and number
(e.g., see Flavell, 1963), comprise another problem area in cognitive
development that may be reformulated in SFL terms.

Consider a procedure that is frequently used to determine whether:a
child has learned to conserve amount. E shows the child two balls of
clay, both of the same size as in display one of Fig. 4. Indeed, E may
let S make them the same size. S is then asked whether each ball, in
turn, contains more clay tham the other or whether they contain the same
amount. Invariably the normal child says they are the same. Next, E

rolls one of the balls into the shape of a sausage as shown in display two

351¢ 1s possible to devise reversal-nonreversal type tasks involving more
general principles and/or principles not involving relational stimuius
properties. Under such conditions, assessment prcblems can be minimized.

36gince this manuscript was written, Tighe (1965) has published a paper
in which she demonstrated that the relative ease of making reversal and
nonreversal shifts with 5 and 6 yr. old children can be manipulated by
prior training designed to emphasize the independence and dimensional
nature of the properties of stimuli used in subsequent discrimination
shifts. These results provide support for the current interpretation in
that learning a general principle on the first discrimination requires
that S recognize the independence of the two object dimensions. With
the more restrictive principles only object, and not dimension, differ-
ences are important.
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of Fig. & and, then, asks the same question. If the child says that they
are the same, and he does so consistently on this and other tasks, he is

said £» conserve amount. If not, he is a nonconserver.

-0 C

Display Two l !“

Fig. 4. ‘'lwo displays designed to determine the conservation of amount.
As with reversal and nonreversal shifts, the stimuli are object

pairs and the critical properties are relational.

When formulated in the SFL, E is led to ask not merely whether S is

or is not a conserver, but on what basis S is responding. The objects
shown in the Fig. 4 displays are related in many ways--relative volume,
weight, height, length, width, shape--besides relative amount. Any one o
" these (not necessarily independent) relational properties could provide a
basis for responding. In display one, for example, the two objects contain
the same amount and have the same length (as well as just about everything

else except position). Thus, a correct response could signify the

operation of either of the two principles, "If two clay objects, .then the
response depends on the relative amount,” or "If...relative length." A
child's reaction to display two may make it possible to determine which of
these two principles is operating. Thus, if the child says that the
sausage (Display Two) contains more clay, the operating principle probably
involved length. If he says "the same," amount was likely the determining

factor.37

-

371t is worth noting that both of these two responses eliminate height from
consideration as a basis for responding. Saying that the sausage contains

. more clay, however, does not eliminate ghape.
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The form of unalysis, described above, is quite similar to that
applied to reversal and mnonreversal shifts. Both involve assessing what
the child has previously learned. The essential difference is that, with
reversal and nonreversal shifts; the relevant prior experiences (on.'the
first discrimination) can be specified. In developmental situations of
the sort described, conservation of amount is assumeu to have been
acquired or not acquired prior to the experiment, If S does not demon-
strate conservation, it is presumably not a question of choice but of
necessity. The principle of length may be operating, rather than that
of amount, not because S prefers it, but because he has not acquired the
concept of amount. A child, of course, may acquire both the concepts of
amount and length in a generic, nonverbal, sense (e.g., Braine, 1959)
before he knows what the words "amount" and "length" actually mean. All
that can be said with ~onfidence is that the phrase, "which contains
more clay,' may be interpreted by a child in any one of several alterma-
tive ways.

Syntactic and Semantic Learning. - All of the stimuii, as well as

principle statements, considered so far are symbolic representations of
an abstraction. A stimulus such as "1 + 3 + 5 + 7," for example,
symbolizes an abstraction reflecting the structure of a variety of more
concrete stimulus situations--e.g., four stacks of pennies, the first
containing one penny, the second three, the third five, and the fourth -
seven; a figure representing the produce of four countries, ..., etc.
Suppose a young child has been taught a principle which makes it
possible to write "16" when shown "1 + 3+ 5 + 7." What happens when he
is presented with the four stacks of pennies and is asked how many there

are? The answer to this question undoubtedly depends, to some extent,
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on the significance to S cf the number symbols (i.e., numerals) in the
symbolic stimulus. If the numerals refer to properties of collections of
sets, each including a common number of elements or objects, positive
transfer may be expected. If, on the other hand, the numerals and the
arithmetic operations, such as addition, have been learned entirely with-
out referents, say with flash cards, one could feel fairly certain that

S would see no relationship.

Fortunately, this question can be formulated precisely by characteriz-
ing the principles involved in the SFL. Assume that the principle (there
are other possibilities), corresponding to the symbolic stimulus, has beexn
determined, by assessment procedures, to be (I = D = [number in first
position, «e., ... fourth position], O = repeated addition, R = sums) .

The requisite for applying this principle, once learned, in a concrete
situation is precisely that principle which makes it possible to go from
the concrete situation to the corresponding numbers. A cowposite principle,
consisting of this principle, along with that corresponding to the

symbolic stimulus above, might be characterized (I = D = [number of

detormine the

objects in first position, ..., ...fourth position], O
number of objects in each pile (position) by counting the objects, perform
repeated addition, and note that the sum denotes the total number of
objects, R = total number of objects). Learning the symbolic (former)
principle, without being able to recognize its concrete referents, would
be like having an egg shell, but no egg.

The relatively simple hierarchical SFL analysis proposed provides,
I feel, but a prelude to the insights which may eventuate from gimilar
analyses in other situations. Even partial clarification of the relative

roles cf symbolism and concrete referents in meaningful learning and
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performance could have important practical as well as theoretical
implications and is long overdue, Although perhaps most directly applic-
able to mathematics, this sort of hierarchical analysis may also prove

useful with other subject matters.




THEORETICAL COMMENT

This paper deals more with s precise scientific language (SFL) than
with theory. Although certain problems have been partially clarified, any
oredictions resulting therefrom would be based not so much on new theoret-
ical assumptions as om logical analyszs of the situations involved.

Nonetheless, the identification of the principle as the basic
behavioral unit, is bound to have important theoretical implications. A
recurring theme of this paper is that the association is too restrictive
a unit on which to build a theory of meaningful learning. Although close
relationships have been shown between the association and the principle,
each being derivable from the other, the representation of increasingly
complex learning situations, in terms of associations, soon becomes
prohibitively cumbersome. The principle, on the other hand, appears up
to the task. Equally important, the principle not only has much in common
with a number of proposed basic constructs, such as rules, schemas, and
TOTE units, but the SFL representation of a principle provides cognitive
theorists with a much needed ingredient--precision.

Although it is beyond the scope of this paper to present anything
approaching a finely-spun theory, I will try to indicate two of the ways
in which theory development, based on the SFL, might proceed. In the
process, I hope to suggest some fundamental differences between statistical
theories, designed to predict group benavior, and more deterministic
theories, which make the prediction of individual behavior possible.

The first epproach is well exemplified by, but certainly not limitec
to, stochastic learning models., In these theories, given an initial state.

each S !s typically assumed on each trial to enter thc next state with a
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certain probability. This process continues until the terminal or
absorbing state is reached. To make predictions, based on such theories,
the values of the transition probabilities, which presumably are bdased on
underlying, physiological capacities, are estimated from data acquired in
situations which are closely related to, and usually the same as, those
in which the predictions are mads. The predictions, themselves, deal
exclusively with parameters of the resulting distributions of s=ores. ii
short, assumptions are made about individual learning processes and pre-
dictions are made about group behavior.

In order to see how such a theory might treat principle learning,
consider a situation in which instances of a principle (i.e., related S-R
pairs) are presented until § can reliably anticipate new responses to
new, within scope, stimuli. To discover the underlying principle, S must
(1) determine the relevant properties of the stimuli and responses and
(2) discover the rule relating them. In additionm, if noninstances are
included in the test list, S would have to identify those stimulus
properties wh;ch meke it possible to discriminate between instances and
roninstances.

These requirements imply a model extension of the sort snwegested by
Haygood and Bourne (1965). These authors postulated the need for a second
process, rule selection, which is independent of attribute selection--ths
latter providing the basis for Restle's (1962) theory of concept learning
(1.e., attribute jdentification). In the present, more general, situation,
stimulus dimensions, rather than properties, would also need to be taken
into account. The identification of th: relevant response dinension would
also be involved. Only under these conditioms could principle learning

be expected. Notice, in particular, that varying stimuli, although
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sufficient for concept learning, would not necessarily increase the
likelihood of discovering a principle from its instances. The responses
would also have to vary. These considerations imply a model with at
least inree, and possibly more, independent processes.

A major limitation of present-day stochastic models is that they
are fundamentally incapable of predicting individual performance. All Ss

are assumed to bring with them the same learning parameters (i.e., transi-

tion probabilities); yet, it is common knowledge that the Ss enter these

situations with important experiential differences.38 Such differences.

of course, could be taken into account so that different groups of Ss are
assigned different transition probabilities. 1In the limiting case, indi- :
vidual parameters could be based on individual data. But, then, no
rational theorist would resort to such nonsense--using an individual's
data to predict the individual's data.

My reason for this discussion has not been to discredit stochastic
models. Predicting group performance is equally as defensible, and

important, as predicting individual performance. What I have intended is

r to ‘provide a perspective for viewing present theoretical concerns.
Contrast the foregoing approach with a theory which says, in effect,
that if the relevant things about S's present state are known, it would be

possible to predict what he would do in any given situation. Such a

theory would necessarily be concerned with determining what the relevant

38There are, of course, situations in which organismic differences may be
minimal. The backgrounds of planaria and new-born babies undoubtedly
differ less than that of normal adults. Similarly, humans are more likely

é to flutter their eyelids in the same way than they are to solve mathematical
problems. Under such conditions, largely ignoring the effects of prior
learning has caused relatively few difficulties.

B i
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state characteristics are and with procedures for determining whether they
are within S's immediate repertoire. Rather than making assumptions about
underlying physiological capacities (e.g., values of transition probabilities)
to make preuictions about learning, the proposed approach would involve
inferring behavioral capacities in one situation to predict behavior in
another. It would be a measurement based theory, unlike that exposed by
present day neoassociationism, ia which internal factors, determined from
past behavior, would play the central role. Such a theory would need to
specify how inputs interact with the state of an organism to produce
responses. Scandura (1966) has argued that a theory of this sort would be,
to a large extent, independent of traditional learning theory.

The writing of many theorists (e.g., Muller, 1913; Hull, 1935; Berlyne,
1965) indicates that there are at least two aspects of state that may affect
what response is given to a presented stimulus: (1) motivation and (2)
prior knowledge. Although I am not prepared to defend the idea here,
motivation might conceivably be viewed as a higher order principle of some
sort which determines what unit of knowledge (i.e., principle) is to be
applied. The principle, in turn, uniquely determines what the response
is to be. Without some such mechanism, organisms would be incapable of
responding in any reasonable fashion. Having been presented with an
arithmetic series written on a piece of paper, S wouldn't know whether
to count the number of terms, give the sum, or burn it (the paper).

Although the values of the state variables would necessarily have to
be infer-ed from behavior, all empirical evidence would not have to be iu
the form of R-R relationships. State variables can be manipulated by
prior training. Principle learning, for example, can presumably be

manipulated, at least within certain populations, by presenting suitable
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statements directly or by discovery. Assessment procedures would play
an essential role in such manipulations by insuring that the intended
learning did, in fact, take place. Directions would appear to be the
manipulable counterpart of internal motivation. In effect, & stage
approach to research of this type could provide a basis for establishing
causal relationehips.39

Although clearly speculative, I would be remiss if I did not state
explicitly what to date have been my working assumptions. First, regard-
less of how principles are acquired in the first place, behavior, depends
on the selection-and use of some-principle. Second, motivational factors
may be viewed as providing a context within which principles are selected.
For example, the statement, "If number series, then sum,’” would serve to
limit the class of potentially applicable principles by specifying both
the relevant stimuli and the desired objective. Within this context, S's
selection of a principle would depend on the stimulus properties previously
denoted by I. Third, principles are assumed to continue in operation so
long as the then present motivational state obtainms. According to this
postulate, responses to new stimuli remain uader the control of a particular
principle unless new input or feedback otherwise indicates that the rules
have changed. A tentative fourth postulate is that motivational states
may be subject to control by higher order motivational states.

Clearly, these speculative postulates do not, in themselves, consti-

39This is not to imply that a stage approach has not been used before.
Much of the research in the Hullian tradition, invoiving drive and habit
strength, would fit this general paradigm. The research of many investi-
gators (e.g., Hilgard, Irvine, & Whipple, 1953; Katona, 1940; Maltzman,
Eisman, Brooks & Smith, 1956), who have been primarily concerned with
meaningful learning, also has been conducted in stages. More recently,
Gagne (1964) has argued pervasively for a stage approach to problem
solving research.
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tute the basis for any theory. At a minimum. clearer specification is
needed as to how mew principles are brought into play and how existing
knowledge is modified. Some speculations can also be made as to the
mechanisms underlying such changes. Perhaps the simplest assumption is
that a principle ceases to operate when it 1s mo loiger applicable--as
when the stimulus imput does not correspond to an instance of that
principle. There are at least two ways im which such a situation may arise.
The environmental situation may change as the result of the responses
controlled by the operating principle or the change may be the result of
extra~subject infiuvences. Suppose, for example, that an § is in the
process of nailing planking for the floor of a house. The operating
principle is “If (the nail is) up, then hit (with hammer)." The very

act of hitting causes the stimulus situation to change. This new stimulus,
in turn, could serve to “call up" the next principle--e.g., "If down, move
to the next nail,’ or "If down and plank secure, get a new plank." The
introduction of extra scope stimuli or conflicting directions could alsc
transfer response control to a mew principle. It would be a brave (or
stupid) individual, indeed, who did not cease hammering and run as the
result of someone's shouting, "Watch out for the rattlesnake!"

Cognitive disequilibrium theories (e.g., see Piaget as reported in
Flavell, 1963; Berlyne, 1965) suggest that a learned principle may be
modified if the response dictated by one principle is made to conflict
with that otherwise indicated. Suppose the learned and operating principl:
can be stated, "If furry animal with four legs, then kitty,"” and S is shown
a furry animal with four legs which happens to be a squirrel. The dictated
response would be "kitty." If, however, feedback indicates that the

correct response is "squirrel," S is confronted with a dilemma. He can
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either retain his principle, (almost) in its original form, and remember
the exception (as a new one-instance principle) or revise the originai
principle and assimilate the exception as an instance of another (perhaps
new) general principle.

The theorist might attempt to reconcile the outcome of such conflict
in one of at least two ways. He might, if he has a physiological bent,
for example, postulate that the amount of cognitive strain (e.g., Bruner,
Goodnow, & Austin, 1956; Miller, 1956), is crucial. If committed to a
state theory, on the other hand, the theorist would presumably resort to

higher order principles of sone sort.

CCNCLUDING REMARKS

The role of any scientific language is to capture the essence of an
area--to provide a means for dealing with the relevant variables while
making it possible to avoid irrelevancies. Stated in more operational
terms, a language is useful to the extent that it leads the research worker
to ask fundamental questions. If it is precise, so much the better.

In the earlier sections of this paper, it was argued that the SFL
meets both of these criteria. The SFL was shown to be significantly broad
to encompass a wide variety of behavioral phenomena, from rote to meaning-
ful learning. The language is precise, can be formulated in mathematical
terminology whenever necessary or desirable, and provides a basis for
relating internal events to observables. In particular, the SFL, coupled
with the response consistency hypothesis, makes it possible to consider
the vexing problem of ‘what is learned.”" After assumptions are made
regarding the underlying stimulus values and dimensions, learning can be

defined in terms of observable test stimuli and responses. An assessment

N .
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methodology of this sort may provide the necessary basis for the -increas-
ingly called for multi-stage approach to meaningful learaning.

Perhaps most important, taking the principle as the basic behavioral
unit makes it possible to deal effectively with actual subject matters and
leads one to ask new and presumably important questioms. Both the pilot
research, that helped shape our thinking, and the analyses, described above,
are indicative of the kinds of research suggested by the SFL. Generality,
abstractness, prior learning, statement interpretability, and discovery--
all matters which have long plagued thinking pedagogs as well as psychol-
ogists-~have lent themselves to rather close scrutiny. In short, the SFL
provides a rigorous basis for studying many, if not all, forms of meaning--
ful reception and discovery learning and their interrelationships. Future
research may help unlock many of the behavioral mysteries that have
traditionally been attached to these ideas.

Nonetheless, the SFL is far from a finished product. Many things
remain to be done. First, and foremost, the validity of the proposed
analyses needs to be ascertained. The already completed SFL based
research (e.g., Scandura et al, 1965) was based on a preliminary and
largely inadequate version of the SFL. Theoretical implications need to
be more carefully and completely drawn out and suitable empirical tests
conducted. &

Second, additional modifications, extensions, and implications of
the SFL need to be considered. I am, for example, convinced of the desir-
ability and feasibility of extending the SFL so as to formulate questions
concerning programed learning, particularly as regards providing a rigovciis
basis for such technologies as task analysis (e.g., Gagne, 1962). There

also is reason to believe that the cognitive processes, classified in
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Bloom's (1956) taxonomy, may find precise behavioral counterparts in the
SFL. iaking these relationship: explicit could have important implica-
tions for measurement.

Third, more rigorous attempts should be made to reformulate S-R
mediation based phenomena and constructs, such as stimulus and stimulus-
response generalization, discrimination, and classical conditioning, in
SFL terms. Although this might not always prove to be possible, important
insights into both languages may be so attained.

In this regard, I might add that I am under no delusions that the
SFL can deal effectively with all that the older S-R language can. This
need not be a crucial limitation, however, since their primary areas of
concern are different (Scandura, 1966). It may be no more necessary for
the SFL to deal effectively with all S-R phenomena any more than helio-
centric theory needed to deal with epicycles. Many of the phenomena
dealt with within a given theoretical framework disappear when looked at
from a different point of view., Nonetheless, although apparently lacking
at present, the S-R language may again prove sufficiently flexible to deal

effectivelv with meaningful learning. This possibility must certainly be

entertained.

Fourth, the question of memory has not been considered in more than
a superficial way. If what can be learned in a given situation -
dependson certain physiological limitations, as has been suggested,
then what happens to that information which is stored. I (Scandura, 1967;
Scandura & Roughead, 1967) have suggested that what is stored isn't
“forgotten." It may simply get mixed up with what is already there.
Prior or subsequent activity and learning could result in the storage oi

competing information in the memory locations or in making it hard to
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relocate this location at recall, Whether such ideas can be formulated
in SFL terms or not is a completely open, but apparently very complex,
question.,

Finally, more explicit consideration needs to be given to the
relationships between the SFL, its related postulates, and existing
cognitive theories. Since the notion of conceptual confldct is so funda-
mental to many cognitive theories (e.g., see Berlyne, 1965), it might
provide a4 good place to start.

At this point, no one can argue with any authority as to the ultimate
value of the SFL. The outcome is even legs certaim as regards theory
construction., Nonetheless, the SFL appears sufficiently promisin} to

warrant further investigation.




BIBLIOGRAPHY

Andersra, R. C. An analysis of mediational theory. Univ. I11. Bur. Educ.
R:s., mimeograph, 1964.

Anderson, R. C. Shaping logical behavior in six and seven-year olds.
Coop. Res. Proj. 1790A (U.S. Office Educ.), 1964.

Ausubel, D. P. The psychology of meaningful verbal learning. New York:
Grune and Stratton, 1963.

Banks, J. H. Learning and teaching arithmetic (2nd ed.). Boston: Allyn
and Bacon, 1964. Pp. 55-58.

Barlett, F. C, Thinking; an experimental and social study. New York:
Basic Books, 1958.

Berlyne, D. E. Structure and direction in thinking. New York: Wiley,
f 1965.

Bloom, B. S. (Ed.) Taxonomy of educational objectives (cognitive domain).
New York: Longuans, Greem & Co., 195§,

Braine, M.D. The ontogeny of certain logical operations: Piaget's
formulation examined by nonverbal methods. Washington: American
. Psych. Assoc. Psych, Monographs, 1959, 73, No.5.

Bruner, J. S., Goodnow, J.J., & Austin, G.A. A study of thinking.
New York: Wiley, 1956.

Buss, A. H. Reversal and nonreversal shifts in concept formation with
partial reinforcement eliminated. J. exp. Psychol., 1956, 32,
162-166.

Craig, R. C. Directed versus independent discovery of established
relations. J. educ. Psychol., 1956, 47, 223-234.

Dienes, Z. P. An experimental study of mathematics learning. London:
Hutchinson, 1963.

Erickson, R. Relational isolation as a means of producing the von
Restorff effect in paired-associate learning. J. exp. Pgychol.,
1963, 66, 111-119.

Finney, D. J. The Fisher-Yates test of significance in 2 x 2 contingency
' tables. Biometrika, 1948, 35, 145-156.

Fitts, P. M. Perceptual - Motor skill learning in Categories of Human
Learning. New York -London: Arthur W. Melton, Academic Press Inc.,
1964.

v EC

Full Tt Provided by ERIC.




o =70-
Flavell, J. H. The developmental psychology of Jean Piaget. Princeton:
Von Nostrand, 1963.

Fodor, J. A. Could meaning be an r;? J. verb. Learn. verb. Behav.,
1965, 4, 73-81.

Gagne, R. M. & Brown, L. T. Some factors in the programming of conceptual
learning. J. exp. Psychol., 1961, 62, 313-321.

Gagne, R. M. The acquisition of knowledge. Psychol. Rev., 1962, 69,
355-365.

Gagne, R. M. Military training and principles of learning. Am. Psychol.,
1962, 17, 83-91.

Gagne, R. M., Mayor, J. R., Garstens, M. L., & Paradise, N. E. Factors
in acquiring knowledge of a mathematical task. Psychol. Momogr.,
1962, 76 (Whole No. 526).

Gagne, R. M. Problem soiving. In A. W, Melton (Ed.), Categories of
human learning. New York: Academic Press, 1964, Pp. 293-317.

Gagne, R. 1. The conditions of learning. New York: Holt, 1965.

Gagne, R. M. An analysis of instructional objectives for the design of
instruction. Unpublished mimeograph, 1965.

Goss, A. E. Verbal mediating responses and concept formation. Psychol.
Rev., 1961, 68, 248-274.

Greeno, J. G. & Scandura, J. M. All-or-none transfer based on verbally
mediated concepts. J. math. psychol., 1966, in press.

Harary, F., Norman, R. 2., & Cartwright, D. Structural models: An
introduction to the theory of directed graphs. New York: Wiley,
1965.

Harrow, M. & Friedman, G. B. Comparing reversal and nonreversal shifts
in concept formation with partial reinforcement controlled. J. exp.
Psychol., 1958, 55, 592-398.

Haslerud, G. M. & Meyers, Shirley. The transfer value of given &nd
individually derived principles. J. educ. Psychol., 1958, 49,
293-298.

Haygood, R. C. & Bourne, L. E. Attribute~ and rule-learning aspects of
conceptual behavior. Psychol. Rev., 1965, 72, 175-195.

Hebert, J. A. & Krantz, D. L. Transposition: a reevaluation. Psyshol,
Bull., 1965, 63, 244-257.




. - L Y -71"'

Hilgard, E. R., Irviue, R. P., and Whipple, J. E. Rote memorizationm,
understanding, and transfer: An extension of Katona's card-trick
experiments. J. exp. Psychol., 1953, &€, 288-292.

Hilgard, E. R. Thecries of learning. 2nd ed. ifew York: Appleton-Century-
Crofts, 1956.

Hull, C. L. Mind, mechanism and adaptive behavior. Psychological Review,
1937, 44.

Hull, C. L. Principles of behavior: an introduction to behavior theory.
New York: Appleton-Century, 1943.

Hunt, E. B. Concept learning: an information processing problem,
New York: Wiley, 1962, 286 pp.

Isaacs, I. D. & Duncan, C. P. Reversal and nonreversal shifts within and
between dimensions in concept formation. J. exp. Psychol., 1962
64, 580-585.

Katona, G. Organizing and memorizing. New York: Columbia Univ. Press,
1940.

Kelleher, R. T. Discrimination learning as a function of reversal and 3
nonreversal shifts. J. exp. Psychol., 1956, 51, 379-384. |

Kendler, H. H. & D'. ato, M. F. A comparison of reversal shifts and non-
reversal shifts in human concept formation behavior. J. exp. Psychol. .
1955, 48, 165-174.

Kendler, H. H. & Kendler, Tracy S. Reversal and nonreversal shifts in
kindergarten children. J. exp. Psychol., 1959, 58, 56-60.

Kendler, H. H., Kendler, Tracy S., & Wells, D. Reversal and nonreverszl
shifts in nursery school children. J. comp. physiol. Psychol.,
1960, 53, 83-48.

Kendler, H. H. & Kendler, Tracy S. Vertical and horizontal processes in
problem solving. Psychol. Rev., 1962, 69, 1-16.

Kendler, Tracy S. Learning and problem solving: comments on Professor
Gagne's paper. In A. W. Melton (Ed.), Categories of human learning.
New York: Academic Press, 1964, Fp. 318-323.

Kersh, B, Y. The adequacy of “"meaniag" as ar explanation for the superiority
of learning by independent discovery. J. educ, Psychol., 1958, 49,
82"92 .

Lyykken, D. T., Rose, K., Luther, B., & Maley, M. Correcting psycho-
physical measures for individual differences in range. Psychological
Bulletin, 1966, 66, 481-484.




bt

PP AR TSRS AR TR TAPAER TEONOASTTRT

]2~

Maier, N. R. F. Leasoning in humans: I. On direction. J. comp. Psychol.,
1930’ ;_0_, 115“‘143 [

Maltzman, I., Eisman, E., Brooks, L. 0., & Smith, W: M, Task instructions
for anagrams following different task instructions and training.
J. exp. Psychol., 1956, 44, 242-24ov.

Mandler, G. From association to structure. Psyzhol., Rev., 1962, 69.
415"427 [

Mandler, G. & Kessen, W. The language of psychology. New York: Wiley,
1962, 301 pp.

ilandler, G. Subjects do think: a reply to Jung's comments. Psychol. Rev.,

Melton, A. W. (Ed.), Categories of human learning. New York: Academic
Press, 1964,

Miller, G. A. The magical number seven, plus or minus two: some limits
on our capacity for processing information. Psychol. Rev., 1956,

63, 81-97.

#iller, C. A., Galanter, E., & Pribram, K. H. Plans and the structure cf
behavior. New York: Holt, 1960.

Muller, G. E. Zur Analyse der Gedachnistatigkeit und des Vorstellungsver-
laufs. III Teil 2, Psychol., 1613 Ergbd. 8.

Newell, A., Shaw, J. C., & Simon, H. A. Elements of a theory of human
problem solving. Psychol. Rev., 1958, 65, 151-166.

Osgood, C. E. Method and theory in experimental psychology. New York:
Oxforé Univ. Press, 1953, 300 pp.

Polya, G. Mathematical discovery. (Vol. 1). New York: Wiley, 1962.

Polya, G. Mathematical discovery. (Vol. 2). New York: Wiley, 1965.

Restle, F. The selection cf strategies in cue learning. Psychol. Rev.,
1962, 69, 329-343.

Scandura, J. M. Algorithm learning and problem solving. J, exp. Educ.,
1966, 34, 1-6.

Scandura, J. M. Problem solving and prior learning. J. exp. Educ., 1966,
-3_‘L’ 7-110

Scandura, J. M. Prior learning, presentation order, and prerequisite
practice in problem solving. J. exp. Educ., 1966, 34, 12-18.




]

Scandura, J.M. & Behr, 1. Supplement: Prerequisite practice and
criterion form in mathematics learning. J. exp. Educ., 1966, 33,

54=55.

Scandura, J.M. Teaching--technology or theory. Amer. Educ. Res. J.,
1966, 3, 139-i46.

Scandura, J.M. Precision in research on mathematics learning. J.Res.
Science Teaching, 1967, in press.

Scandura, J.M. Principle learning in paired-associate lists. Psychol.
Reports, 1967, in press.

Scandura, J.H., Woodward, E., & Lee, F. Rule generality and consistency
in mathematics learning. Amer. Educ. Res. J., 1967, in press.

Scandura, J.M. The basic unit in meaningful learning. Schocl Review,
1967, in press.

Scandura, J.M. (Ed.) Research in Mathematics Education. Washington:
N.C.T.M., 1967,

Staats, A.W. & Stasts, Carolyn K. Complex human behavior. New York:
Holt, 1964.

Stolurow, L.M. A taxonomy of learning task characteristics. Washington,
D. C. Office Tech. Services, Dept. Commerce, 1964. (Tech. Rep.

AVRL-TDR-64-2) .

Tighe, L.S. Effect of perceptual pretraining on reversal and noa-reversal
shifts. J. of exp. Psychol., 1965, 70.

Underwood, B.J. & Richardison, J. Some verbal materials for the study of
concept learning, Zsychol. Bull., 1956, 53, 84-95.

Underwood, B.J. & Schultz, R.W. Meaningfulness and verbal learning.
Philadelphiay Lippincott, 1960.

wittrock, M.C. Verbal stimuli in concept formation: learning by
discovery. J. educ. Psychol., 1963, 54, 1383-190.




G A

THE DASIC UNIT IN MEANINGFUL LEARNIN L.

ABSGCIATION OR PRINCIPLE?
(Set-Function Language)

Theoretical development in educational psychology has been extvemely slow,

One major reason has been the typically imprecise definition of independent and
dependent variables in research on meaningful learning and teaching. Such
research can bear only an ambiguous relationship to theory, Simiiarities and
essential differences often go uncetected. As McDonald has put it% "Conceptual
claxity means {a) specification, stated in terms ae nea:zly operational as
possible, of the behavior involved in a task or method; (b) some delineation of
the range of phenomena included and excluded; and (c) precise description of the
appropriate tests,"

Stating research abjectives and defining variabies .in unambiguous terms,
however, is not sufficient, The teaching-learning process has ali too frequently
been studied in texms of administrative variables, such as class size, grade
level, and teaching experience. The variables chosen must have broad explanatory
potential, not be merzly gymtomatic of and inextricably reiated to the question
at hapd, Theory development dependa on nuch more than mere fact finding.

To provide a substantive base for their research, educational psychologists
have ffequently resorved to the languages, paradigms. and theories of the mother
sciente of psychology. Mediationsl elaborations and operant conditioning para-
digms of the stimulus-response (5-R) language and more general, but iess well-
specified, cognitive theories have beam popular.

Each approach has important limitations. From one point of view, 'pnraimgny
suggests that the properties of overt S-R associations should also be attributed
to mediational links, Yet, practice has shown that mediational interpretations

become increasingly cumbersome and less precise as situations become more
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complex, Similar difficulties have plagued regearchers who have used
operant techniques to study meaningiul verbal learning., The results simply are
no where near so clear in complex human learning as they are in the "Skinner Box.'"
It is increasingly recognized, for example, that knowledge of results is not
directly analogous to feeding a pigeon and that, in any case, other factors, such
as subject matter structure, are probably of greater importance in promoting
efficient learning, A general 1imitation of cognitive theories is thelr relativz
imprecision. Typically, "cognitions" are either not cleariy specified in
observable terms or are only partially defined.

In short, the choice to date has been between a precize, but seemingly
inappropriate, S-R language and presumably more relevant cognitive formulations
which leave much to be desired insofar as scientific cohesiveness and rigor are
concerned,

The purpose of this paper ie to introduce what I feel are the basic ingre-
dients for a mew scientific language for formulating research questions on
meaningful learning, This so-called Set-Function Language (SFL) is precise and
geems particularly well guited for dealing with mathematics, my own area of
concern, and science, but it undoubtedly can be vsed with other subject matters
as well, Rather than try to detai? the SFL or to summarize the related research
that we have completed or have under way, let me simply try to convey the general
jdea, In the process, SFL and SR formulations of seyeral meaningful learning
tasks will be contrasted,

The SFL is behavioristic, as Is the S-R language, but, unlike the S-R

language, the SFL denies the primacy of the S-R asgociation, Tc illustrate

some of the advantages of the SFL, consider the situation depicted in Figure 1,

Suppose an experimental subject ig reguired to learn to &8y the appropriate
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vord when shown a learning stimulus--for example, to say "black' when gshown

the large black triangle, After the original four S-R pairs are mastered
go that the subject can reliably give the correct response to each stimulus,
the question remains as to just what was learned. Did the stbject learn four

M
distinct pairs--four discrete aggociations--and notice no relationships betwesn

them? Or, did he learn the two principles, 7§ triangle, then color,” and

"1¢ circle, then side"?

This question first began to bother me during the summer of 1962, In a
3
study designed by Greeno we found, in a verbal concept learning situation, that

essentially a subject either gives the correct response the first time he seec a

transfer stimulus or the transfer item is learned in the same¢“way as its control.

The thought later occurred to me that if transfer obtains on the first

trial (if at all),then responses to additional transfer items, at least under
certain conditions, should be contingent on the response given to the first

transfer stimulus, In effect, a first transfer stimulus could serve as a test

. to determine what had been learned during the original learning, thereby making

it possible to predict what response a subject would give to a second transfer

stimulus, To test this assumption, I had a total of about fifteen (highly

r educated) subjects .overlearn the list shown in Figure 1, Prior to learning the

list, both tne subjects and the experimenter agreed on the relevant dimensions and

values--gize (large-small), color {black~uwhite), and shape (circle-triangle).

o

The subjects were told to learn the pairs as efficiently as they could, since

this might make it possible for them to respond appropriately to the transfer

stimuli, After learning, the test 1 atimuli were presented, and the subjects
were instructed to respond on the basis of what they had just learned. They were
told they were correct no matter what the response. Then, the test 2 stimuli were

presented in the ssme manner,

The results were clear-cut. All but three of these subjects gave the response:
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"biack" and "large," respectively, to the test 1 stimuli, and also responded with

"white and "small" to the test 2 stimuli, I% would appesr that when a subject

thinks he 37 right and the new gituation remains relevant, he will continue to
respond in a similar manner.

On what basis could this happen? It was surely not a simple case of stimvlue
generalization; the responses were distinct and, in any case, did not iepend
solely on common stimulus properties, The first tes: 1 stimulus, for example,

{s as much like the fourth leazning stimulus as the first--and yet, "black" was
inveriably given as the response rather than "gmall," Perhaps the simplest
interpreéaticn of the obtained results is that most of “he subjects discovered
the two underlying principles while learning the original list, and later
applied them to the test stimuli. 1In effect, the reiationships between the S-R

pairs ‘hemselves, combined with a response consistency hypothesis, provided a

o ad .. -

basis for assessing what was learned.

Before introducing the SFL, let us ask how the S-R theorist might represert

what was learned in the preceding exercise, In S-R psychology, the basic

building Block is the association, vhich was originally viewed as a lezrned

connection betweenan observable stimulus--1ight, nonsense syllable, or mathemet i~ 1

cal problem--and an observabile.consequenee ot response--sglivatior, another nonserse
syllable, or solution, A connection or association is said to have been formed
if the corresponding response appears with a positive probability whenever the

stimulus is presented, Learning a corncept, presumably a more conrplex form of

learning, involves the ability to give a common response to any one of a set of
stimuli, To say that a subject has acquired the concept of red, for example,
implies that the subject is able to say some common response when ghown any
red object but will not give this reeponse to any non~red stimulus, Ia short,
whereas an association pai-s one stimulus with one response, a concept is a

many-one relationship.
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Since the association is felt to be basic, the S-R theorist has felt obliged

to represent the many-one concept relatiougnips as a composite of one-one relation-

ghips. This has been made possible by the prstulation of mediating links or

asgociations. Thus, the many-oneé relationship may be represented,

2N

S M R
epr—

S3.

4
and S5 are connected to the mediating response, M£§

where the stimuli 51,59,

whose stimulus properties, in turn, elicit the observable response, R. In the

case of the concept red, Myg might be an {nternalized representation of the lavcel %

l!red."

But the original task we were confronted with involved principles--and

principles, from the standpoint of S-R associationism are more complex than either

associations or concepts. 1t is probably because of this felt complexity that

most peychologists, particulérly experimental p3ychologists, have simply not been

much concerned with principles, Since the notion did not readily fit into their

scheme of things, they did what any thinking man would do~-ignored the idea.

Nonetheles3, an incraasing number of pedagogically oriented psychologists

have come to recognize the central role of the principle in meaningful learning,

and at least two association-based representations of the principle have been

of these formulations,

j
» proposed, Rather than delve iato the possible limitations

1 shall propese an S-R formulation of my own-~and then attack it.

o

First, consider the representation,

S 1\ Rq
triangle--=color
\\\
S3 R3

This represeatation has been chosen to reflect the principle," 1f triangle, then

color," as it relates to the situation depicted in Figure 1. In this case, the
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overt stimuli, S1 and S3 , are presumed to elicit the mediator "triangle" which,

in turn, elicits the mediator Maelor," "Color," then, is presumed to eliciv R,

and Ry--with equal probability, Of course, we know that this ic not what happens

from the study just desczibed; Slgoes with R1 , and 33 with R3,

To overcome this inadequacy, we may postuiate a second pair of connecting

chains,
§3==e~=e======plack=="="""""" R+
\jTriangle Coloﬁ<i
7
§hennnmnmnn=n-White-=====""="R;

Accordirg to this interpr:tatiorn; S, elicits R1 and not R3 because S1 elicits

g vplack" as well as "triangle" and has ro direct relationship to "white.," O£
course, S3 elicits "white" for the same (implied) reason. With this representa”
tion in hand, the S-R associationist is now able to predict the resulgs of the

| experiment described, "Biack” is given a8 the reaponse to the first test sti-
mulug, a small black triaugle, because of the ' preiearned asscciation between

; the stimulus and "black" and the learned mediating association, "triangle
elicits color." In short, two associative connections are better than one.

Rather than go into the SFL representation of principle learning at this

point, let me first add more fuel to the fire by presenting another example,
Suffice it to say at this point that the essence of a principle is captured

reasonably well by a statement of the form, "If &, then B Consider the S-R

pairs,
. (7, 1, 6, 4) —>9
(9a7a8a6) ‘—"%
(4, 8, 9, 3)—>10
(50198a3) ”""‘"‘)
(6, 5, 8, 9) —> 5
v Suppose the learmer is posed with the task of determining, from the instances

on the left, that principle which will allow him to predict the apprcpriate

] responses to the stimuli on the right, He might find that a difficult task.
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overt stimuli, S1 and S3 , are preeumed to elicit the mediator "triangle" waich,
in turn, elicits the mediater "pelor," "Color," then, is pregumed to elicit R,
and R3-<with equal probability, 0f course, we know that this ie not vhat happens

from the study just desczibey Sigoes with R1 , and 83 with RS’

To overcowe this inadequacy, we may postuiate a second pair of conneciing

chéins,
s‘i- yryereysr ey Y X B 1 ack ----------- Rl
\ETriangle Coloﬂ(i
4
S:’; ----------- -?“Jh ite- Py L LX) R:

Accordirg to this interpr:tation; S, elicits Ry rud not R, because S¢ elicits

"plack” as well as "triangle" and has no direct relationship to 'white." Of
course, S3 elicits "white" for the same (implied) reason. With this representa~
tion in hand, the S-R associationist is now able to predict the results of the
experiment described, nprack” is given as the response to the first test sti-
mulus, a small black triaugle, because of the - pralearned association between
the stimulus and "black" and the learned mediating association, "triangle
elicits color," In short, two associative connections are better than one,
Rather than go into the SFL representation of principle learning at this
point, let me first add more fuel to the fire by presenting another example.
Suffice it to say at this point that the essence of a principle is captured
reasonably well by a statement of the form, "If A, then B?" Consider the S-R
pairs,
(7, 1, 6, 4) —>9
9,7,8,6) —>
(4, 8, 9, 3)—>10
(5,1,8,3) —>
(6, 5, 8, 9) —> 3
Suppose the learmer is posed with the task of determining, from the instances

on the left, that principle which will allow him to predict the appropriate

reaponses to the gtimuli on the right, He might £ind that a difficult task,
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But, if he is told that the responses (integers) can be derived uniquely from

the integers in the first, third, and fourth pesitions of the stimuli, it
might be easier, It would undoubtedly be still easier, if he ic told that the
operations of addition and subtraction are involved.

More is involved in this example than in the first. The lecrner is required
not only to discover the underlying principle, and a more complex principle at
that, but hints have been given as to how he might accomylish the task.

How might chese contingencize be formulated in termz of asscciations? An
imnediate thought is that ihe position and operation cues might be vieved as

mediating links, /?‘\

3:;.-,0-....-..U......» 000001{1

\

\
/,'3 Positions—e——2 Operation\

S..'.'QQQQQQQQQ
2 .'QQ@.Q..Q.'QQQQQQR2
Dut, as a quick look will make clear, that simply does not work. Further

elaboration would be neceszery to indicate why Sy goes with Ry , and Sy with R,
0f course, there undoubted.y are other alternatives, but I think you will agre2

that any S-R representatic: of these continencies i likely to be extremely

complex,

1t is important to emphasize that this situation was not picked arbitrarily
simply to embarrass S-R psychologists., Stimulus dimensions (e.g., color, posi .
tion), which uniquely determine the responses and combining operations (e.g8.,
vaete the color, addition and subtraction), by which the responses are derived
from these stimulus properties, appear to be crucial aspects of all principles, |

Fortunately, these characteristics play a central role in the SFL, 1In fact,

e £ h s b m €

it is assumed that four elements, I, D, O, R, are nceded to specify a principle,
The stimulus properties in the set, I, tell vhen the principle is to be used;
those in D tell which properties determine the response; and the combining

operation, 0, tells how the response properties, R, may be derived from those

in D? Obviously, the attribute and operation cues, involved in the above

situation, f£ind natural counterparts in this characterization, Thus, D




involves the three dimensions corresponding to the three positions, and O is a
cozposite operation involving addition followed by subtraction. In addition, the
response s2t R involves the integers variable (i.e,, set of integer responses),
while those stimulus properties (inl.) which determine when the principle is to
be applied are those associated with being a "four-tuple' of integers. Notice
that the properties in I involve a first, third, and fourth position (those pro=
perties associated with b;, so taat 1 necessarily invsives D, In the first of
the (two) task }_principles,_‘.!_involved colored triangle, D color, O color
naming,and R the color nam:s.

Since principles, as well as assoniations and concepts, can be represented
in the S-R language, it is appropriate to ask whether these notions can also be

represented in the SFL, in which the principle is taken to be basic. As can be

seen in Table 1 this is iudeed the case. Furthermore, unlike the S-R lianguzge,
explicit distinctions ars made between: (1) the observable S-R instances of =
principle--the denotation; (2) the priuciple itself, that which underlies the
behavior and whose presence can be inferred only indirectly; and (3) statements
of the principle in symbolic form.

The denotation of a principle is simply taken to be equivalent to the mathe-
matical notion of the function, a notion which may be defired as a set of ordered
S=R pairs such that to each: functionally distinct stimulus there is one corres-
ponding functionally distinct response. The denotation of a concept is simply
represented as a function in which there is one response common to all stimuli,
To represent an ordinary association, the set is further restricted so as to
include only one S-R pair,

The principle itself is characterized as an ordered four-tuple (E, D, o, 19.
where 1, D, O, and R are as previously defined, In the case of concepts and
associations, there are certain restrictions placed on these ".elements, but they
need not concern us here, Finally, notice that the statements in the column on
the right are constructed from symbols _I_: _l_)', _0_' , and l_{_', representing the

constructs I, D, O, and R.




Table 1

SFL Representations of the Association, Comucept, and Principle

Principle
Denctation Principle Principle
(Observables) Underlying Ststement
Performance (Obsexvable)
(Inferred)
!
i %
18 Rf%l@, ‘ (I,D,9,R) If 17, then
' | ! R' =0'(D)
Concept |
sy, B {185 (L,D,0,R) If 1', then |
- R! =0' (D)
(Note: One = - =
response)
Association 1
{(8,R)} (1,D,0,R) 1f I', then
(Note: R' =0' (D")
One pair)
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Due to space limitations, I will not go into figure 2 in any detail. Let me
simply point out that while there are common relationships between different
pairs of the experimental paired-associate (PA) iist,nona exists in the can trol
list. The principles involved in the experimental lise might e stated, VIf
black, then shape," and "1f white, then gize.," "If a small black circle, then
circle," is a eandidate for one .of the control list principles,

Space limitations also demand that I not attempt to detsil my reacons for
preferring the SFL to the S-R language. I would, however, like to mention threo
reasons why the SFL appeers tc me to be better suited for formuiating research
on meaningSul learning, in gencral, and mathematics sni science learning, in
parkicular,

The first major reason is that principles are so critical, even in the
simplest forms of meaningful learning, And, as we have seen, it is much simpler
to represent what is learned in the SFL than it is in terms of more cumbeysgme
S-R representations,

My second reason for preferring the SFL is that meaningful learning involves
the ability to make the appropriate response in a class of responses to any one
of a class of stimuli, Learning single principles may make such performance

possible but not single associations, Lest there be some confusion, the stimuli

and responses to which I am referring may be quite distinctive and not merely

differ slightly along some physical dimension (i.e., the stimuli and responsés
may be functionally distinct), In simple learning, where the stimulus dimensions
are continuous, the ability to give a new response to a new stimulus had tradi-
tionally been attributed to S-R generalization., Some of our recent data?, how -
ever, suggests that such a postulate may be inappropriate in theories of
meaningful learning, Meaningful transfer may more easily and accurately be
accounted for ' in terms of what principle is learned,

The third and perhaps most important reason is simply that there are many

situations in meaningful learning--we have reviewed just two--which, .whilg easily
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represented in SFL terms, are difficult, if not impossible, to formulate in the
S-R language.

‘There are other situations which pose even more difficulty for the S-R
language, while yielding to SFL analyses, During the past year or so we have
either completed or have SFL-based research under way on the following topics:
(1) the role of attribute (D) and operation (Q) cuing in learning mathemstical

principles, (2) rule generality in mathematics learning, (3) the role of sym

bolism in mathematics learning, and (4) the expository presentation of what

mathematical strategy is learned in discovery learning. In the future, we hope

to get into even more compleg cognitive tasks such as: (1) identifying (and
representing) heuristics of use in mathematical problem solving and proving
mathematical theorems, (2) extending the SFL so as to provide a rigorous basis
for such things as task analysis and Bloom's taxonomy of educational objectives
(cognitive domain), and (3) the comstruction of instructional sequences to meet
multiple objectives, So far it appears that the SFL is capable of representing,
if not all, then certainly xany of the critical characteristics of such situa =
tions,

In the final analysis, the choice between scientific languages (and theories)
involves efficiency and cohesiveness as well as the sheer ability to represent or
account for observable phenomena, It is in this sense that the much heralded

adaptive quality of the S-R language too often has led psychologists to overlook

the fact that it is always possible to patch up an existing formulation to meet
new situations. Parsimony does not simply refer to the maintenance of existing
concepts but to the formulation of emerging structures in the simplest possible
way. 1 might add, in conclusion, that what is presently being done with the
S-R language (e.g., the incorporation of hierarahies and motivation factors) is
quite analogous to what pre-Copernican astronomers were doing when they invented
epicycles to represent planetary motions in an attempt to salvage geocentric

theory,
Having made that emotion-laden comment, I rest my case.




NOTES

1,This article is based on a paper read at the American Educational Research
Association convention in Chicago on February 19, 1966, A description
of some of the recent empirical research, based on the Set-Function
Language, may be found in my "Precision in Research on Mathematics

Learning," Journal of Research in Science Teaching, IV(December, 1966),

253-274,
2.F.J. McDonald, "Meaningful Learning and Retention: Task and Metnod
Variables," Review of Educational Research, XXXIV(December, 1964),542.
3.3.G. Greeno and ZM. Scandura, "ill-or-None Transfer Based on Verbally

Mediated Concepts," Journal of Mathematical Psychology, III,(July,1966)

388-411,

4,Typically, a distinction is made between a mediating response, M., and
its stimulus properties, Mg, so that the chain S~—-:-Mr—-ie-M8——9R would
be used rather than S—:Mpg--—R. The shorter form suffices for present
purposes,

5,This representation was introduced by R.M. Gagne (e.g., "The Conditions
of Learning" New York: Holt, Rinehart & Winston, 1965).

6.More recently, I have found it useful to make a distinction between
rules and principles, a rule being completely characterized by D, O,
and R, The interested reader is referred to the references in footnotes
1 and 7,

7.In J. M, Scandura, E. Woodward, and F, Lee, "Rule Generality in Mathematics

Learning" American Educational Research Journal, in press, no S-R

generalizatior gradient was found in learning mathematical rules.
Such a result runs contrary to what would be expected by Most S-R

theorists on the basis of experiments on simple learning.
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"CONCEPT" LEARNING IN MATHEMNATICS*
(Research in the Emerging Discipliine of Psycho-iMathematics)

Joseph M. Scandura

Doing basic research on mathematics learning is a risky business.
In the first place, it is hard to know whether ome is asking the right
questions and, in the second place, it has been difficult to formulate
significant questions involving mathematics learning in a researchable

rorm. One of the major reasons for this state of affairs has been the

" lack of any suitable theoretical superstructure from which to work.

The purpose of this paper is to outiine some of the theoretical work
underwvay at the University of Pennsylvania and to show how this
theoretical work has helped to improve our understanding of how

mathematics is learned.

*This paper is based on invited talks given during the Spring of 1967
at the University of Delaware and the State Supervisors of Mathematics
Meeting anc the NCTM convention in Las Vegas. The author would like
to thank Joan Bracker for her assistance in the preparation of this
article. Her participation was made possible by a graduate research
training fellowship supported by the U.S. Office of Education.
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Background

Theoretical development 1a educational psychology has been extremely
slowv. One major reason has heen the typically imprecise definition of
independent and dependent variables in research on meaningful learning and
teaching. Such research can bear only an ambijuous relationship to theory.
Similarities and essential differeunces often go undetected. Stating
research objectives and defining variables in unambiguvcus terms, however,
is not suificient. The teaching-learning process has all too frequently
been studied in terms of such "administrative" variables as class size,
grade level, I.Q., and amount of teaching experience. To be theorztically
relevant, the variables chosen must have broad explanatory potential.

They shoula not merely be symtomatic of and inextricably related to the

question at hand. Theory development depends on much more than mere fact

findine.

To provide a substantive base for thelr research, educational psychol-
ogists have frequently resorted to the languages, paradigms, and theories
of the mother science of psychology. Mediational elaborations and operant
conditioning paradigms of the S~R language and more general, but less well
specified, cognitive theories have been popular.

Each approach has important limitations.! From one point of view,

1Joseph M. Scandura, "The Basic Unit in Meaningful Learning--Association
or Principle?", The School Review, (1967, in press).

Joseph M. Scandura, "Precision in Research on Mathematics Learning (The
Emerging Field of Psycho-athematics)." Journal of Research in
Science Teaching, (1967).

Joseph M, Scandura, The Mathematical Formulation of Lducational Research
Questions, (Washington: U.S. Office of Education (Project 6-£002),
1967).




parsimony suggests that the properties of overt S-R associations shoulu
also be attributed to mediational links. Yet, przacticc has shown that
mediational interpretations bezome increasingly cumbersome aand less precise
as situatious become mere complex. Similar difficulties have plagued
researchers who have used operant techniques to study meaningful verbal
learning. The results simpiy are nowhere near as clear in complex human
learning as they are in the "Skinner Box." It 15 increasingly recognized,
for example, that knowledge of results is not directly analogous to feeding
a piseon avd that, in any case, other factors, such as subject matter
structure, are probably of groater importance in promoting efficienmt
learning. A general limitation of cognitive theories is their relative
imprecision. Typically, "cognitions" are either not clearly specified in
observable terms or are only partially defined. Under these conditions it
has been impossible to comstruct a predictive theory--the sort of theory
needed if practical implications are to be obtained.

In short, the choice to date has been between a precise, but seemingly
inappropriate S-R language, and presumably more relevant cogaitive
formulations which leave much to be desireu insofar as scientific cohesive-
ness and rigor are concerned.

In an attempt to overcome these difficulties, I have proposed a new
scientific language for formulating reseerch questions on meaningful
learning. Because the language is framed in terms of the mathematical
notions of sets and functions, the name Set-Function Language (SFL) was
adOpted.2

I won't go into detail here, but before outlining the SFL it may be
instructive to briefly consider the S-R mediation language. In S-R

psychology, the basic building block is the association, a construct which

25ee footnote 1. The descripto;'"éét-Function" should not be confused with
set functions.




was abstracted directly from observed comnections betwecn overt stiinuli

and overt responses,

Learning a concept, presumably a more complex form of learning,
involves tia sbility to give a common response to any one of a set of
stimuli, To sar that a subject has acquired the concept of "red," for
exarpls, imolies that he is able to give some common respomse, when shown
any r2d stimulus object, but will know not to zive this respomse to any
non-vod stimulus. Sinmilarly, a child may be said to have acguired the
concept of "four" if he can £ay "four" when presented with asy conglom-
eration of four cbjects but will not say four to any ceaglomcration not
contaluing four cbjects--i.e., assuming, of course, that the child is
opersting under the same set of instructions in each case. In short,
whereas an association pairs one siimulus with one response, a concept is
a many-to-one relationship.3

S-R theorists have felt obliged to represent the many-to-one concept

relationship as a composite of one-to-onec associationms,

Notice that the stimuli S;, S, and Sq are connected to the mediating

response I g whose stimulus properties, in turm, elicit the observable

response R,

The Dasic Unilt in Meaningful Learnina

Most subject matter learning involves neither associations nor concepts

but, as they have been variously called by wifferent irvestigators, rules,

31 thould like tc point out that ir talking about single stimuli (responses),
I an actually referring to eqiivalence classes of overt stimulil (responses)
in which the memoers (i.2., the stimuli) of the classes are either
indistingvishable or cotherwise play exactly the same role. For example,

the stimuli "5", "five®, "Five",'PivE" are all equivalent in so far as the
number five (as opposed to the numeral “"five") i3 concerned.




principles, schemas, heuristics, and TOTE units. This is truc even more
so of mathematics learning. To be more specific, meaningful learning
implies the ability to give the appropriate response in a class of
responses to any stimulus in a class of stimuli. Unfortunately, this fact
has often been overlooked because the term "concept” has been used so
widely in discussing subject matters. When we say that a child "has the
corcent of addition," for example, what we probably mean is that he can
give the appropriate sum when presented with any pair of numbers. Put
another way, the learning invoived conmnects a large class of stimuli with
a large class of responses. 3y definition, a concept connects a class of
stimuii to exactly oine response.

To see what is involved in meaningful learning, learn the following
S-R pairs (i.e., overt inputs and outputs): (4 3 1) » 3, (€1 6) + 2,
(792) +5, and (9 51) + 8, Now, on the basis of what you have just
learned, give what you think should be the responses to the stimuli (721)
and (4 7 2). Did you give the responses 6 and 2? I. so, you probably
acquired a unit of knowledge (i.e., rule) which might be stated, "Subtract
the number in the third position from that in the first." If you did not
give these responses, you presumably learned the pairs on the left as
discrete entities--i.e., as distinct associations without noticing any
relationships between them. (Of course, I diun't indicate that there was
any such relationship so you may not have been looking for one.) In this
case, the rule governed responses, 6 and 2, would be expected on the basis
of chance alone.

I should like to emphasize that this situation was not picked
arbitrarily simply to embarass SR psychologists. 'hereas a "patch job"
can be donc with certain special cases, I believe that I am safe in saying

that to dace no satisfactory way of representing rules et al solely in terms

(SR
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of associations has been found.* Stimulus dimensions which uniquely

deternine the responses (e.g., the first and third positions) and the

combining operation or tramnsformatioa by which the responses are derived
from the determining stimulus properties (e.g., subtraction) appear to be
crucial aspects of ail rules. While stimulus properties and cerived
responses play a central role in S-R mediation theoxy, 5 there is no

counterpart for the transform or combining operation.

The Set-Function Language (SFL)

Fortu.ately, all of these characteristics piay a central role in the
SFL. In fact, I® have proposed that four characteristics are needed to
specify a principle. Three of these characteristics specify & rule and a
fourth cetermines when the rule is to be applied. Those stinulus
properties which determine (D) the corresponding responses constitute
one such characteristic, the covert responses oOr derived stimulus properties
(R) are another, and the transform or combining operation (9) by which
these covert responses are derived from the determiniug properties is the
third. The fourth consists of those, usually higher order, stimulus
properties which identify (I) the rule tc be applied. For example, the
rule, Nz, for summing number series, where N is the number of terms, applies
only to those series which consist of the consecutive odd integers
beginning with one (e.g., 1+ 3+ 5+ 7 = 42 = 16).

Since principles, as well as associations and concepts, can be
represented in the S-R mediation language, it is appropriate to ask whether
these notions can also be represented in the SFL, in which rules and

principles are taken to be basic. Tihis is iudeed the case. Furthermore,

4gee footnote 1.

5Ihey correspond, in fact, to meailating responses and their stimulus
properties, respectively.

6gce footnote 1.

Y
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unlike the S-R language. explicit distinctions are made between: (1) the
observable S-R instances of a rule--the denotation, (2) the rule or
principle itself, that which underlies the behavior and whose presence can
be inferred only indirectly, and (3) stateuents of the rule or principle
in symbolic form.

The denotation is simply a function, a (mathematical) notion which may
be defined as a set of ordered stimulus-response pairs such that to each
stimulus there is one corresponding response. The denotation of a concept
is simply represented as a constant function in which there is one response
common to all stimuli. To represent an ordinary association, the set is
further restricted so as to include only one S~R pair.

The rule construct is characterized as an ordered triple (D, O, R),
where D, O, and R are as defined above. Principles, of course, are ordered
four-tuples (I, D, 0, R). In the case of concepts and associations, there
are certain relationships amcng these characteristics,’ but they need not
concern us here. In stating rules or principles, I have used primes to
distinguish the signs used to represent the constructs I, D, 0, and R
from the constructs themselves.

The one point I would like to emphasize is that even S-R theorists

have been forced to adopt the idea of a transformation or combining

opzration in order to represent meaningful learning and thinking. Berlyne8
has @one this, for exampie, in his fine book Structure znd Directicn in

Thinking. In his latest article on the topic of principle learning, Gagne?

7Por more detaiis see Joseph M. Scandura, The Mathematical Formulation of
Educational Research Questions, (Washington: U. S. Office of Education
(Project 6-8002), 1967).

8pavid E. Berlyne, Structure and Direction in Thinkinz (New York: Wiley,
1965) .

9Robert M. Gagne, "The Learning of Principles," in H. J. Klausmeier and

C. W. Harris Analysis of Concept Learning (New York: Academic Press,

1
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has adopted this point of view as well. Even many long~time mediation
enthusiasts have recently become convinced that mediation theury is
inappropriate for dealing with verbal learning.®®

In so doing, these theorists are in fact genying the primacy of the
association as a construct. The idea of a transformation or combining
operation takes over this primary role. I might note parenthetically that
what here have beecn called response determining properties of stimuli, S-R
theorists have called mediating responses. Similarly, our covert responses
(or, derived stimulus properties) correspond to stimulus properties of

mediating resporses. What the combining oneratiou doeg is to make explicit

how the mediating stimuli are determined fromw the antece - mediatin
L- _"i

responses. While this process may not be important in many forms of simple
learning, we have just seen here how it hecomes crucial in rule learning.
The transformation, mapping, combining operation, or whatever term is used,
becomes of central concern, and to still call any suitable representation
associationistic or even neo-associationistic is stretclhiing the term beyond
its reasonable linmits.

In the final analysis, of course, the choice between scientific
languages (and theories) involves efficiency and cohesiveness as wvell as the
sheer ability to represent or account for observable phenomena. It is in
this sense, that the much heralded aaaptive quality of the S-R lamguage too
often has led psychologists to overlook the fact that it is always possible
to "-atch-up" an existing fornulation to meet new situatioms. Parsimony
does not simply refer to the mainienance of existing concepts but to the
formulation of em:rging structures in the simplest possible way. I might
add that what is presently beirg done with the S-R language (e.g., the

inclusion of associative structures, reference mechanisms, etc.) is quite

10pargonal communication.
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analogous to what pre-Copernican astronomers were doing when they iuvented

epicycles to represent planetary motions in an attempt to salvage geo-centric

thecry.

EMPTRICAL RESEARC. BASED OW THE SFL

7et re turn now to a consideration of two problems that have long
plagued methematics edurators, the problems of rule-generality and aiscovery
learuing., In the space remaining, I shall attempt at least partial
resclutions of thase tuo probiems and, in the process, will indicate how
the STL helned to achisve thess resolutions by wmaking i¢ possible to
formulate tae undarlying questisns in a precise way. Ernest Woodward and
Frank Lee assisted me with tha Rule-Generality Study and the Discovery

Learning Study was conducted with now Dr. William Roughead.

Bg;g_ggneralitzll

In instructional situations, the question often arises as to how
general the presentation of material ought to be. Subject matter
specialists and most educators tend to emphasize that the more general the
presentation, the more useful it will be. Learairg oriented experimental
psychniogis“s, on the cther hand, are often inclined to point out that the
more specific the precentation, the better the learning.

The quosticn of geierality arises particularly often in mathematics
instruction. Should aduition and subtraction be taught as two distinct,
althnugh related, operations, as has been cone traditionally, or as ome
operation as is done in more modern treatments? Should the three cases of
percertage be tauiht separately or as variants of the rule, "base X rate =

percentage?” Should pupils be taught the nethod of “"casting out nines" or

11Thte section is based on Jousph M. Scandura, Ernest Woodward, and Frank
Lee, ‘Rule Generality and Cousistency in ifathematics Learning," American
Educa:cional Resezich Jouramal, (1967, in press).




be taught the more general principles of modular arithmetic? HLow
generally should theorems be stated? Proofs? The aunswer tc these and
reletec questions hinges, in part, on the learnability and utility or scope
of the rules involved.

Mathematics educators have concernea themselves with such questions,
but they have had to make judgments on largely intuitive grounds. There
is 2 weal need te betier understand the psychological primciples involved.
Unfertunately, however, previous studies involving rule learning have
dealt only incideatally with this problem. FPerhaps mcre important, even
the bast designed studies in this area arc subject to criticism for

failpre to distipguish between structure ed belavior variables. The

varisbles chosew (e.g., rule and example glven, discovery, answer g;ven)
are often merely symptomatic of, rather than basic to, what is involved.
The fundamental assumption uncerlying our approach to the problem

was that more rapid progress can be made by distinguishing clearly between

structure and behavior variables and by identifying the important parameters
. of each. I would go even farther and say that we can never hope to
understand mathematics and other subject matter learning without making
such a distinctiron,
At the time the generality study was designed, the SFL had only
L developed to the peint where poles were defined in terms of tneir
r lenctaiive sets of ordec¢ed stimulus-response pairs. No consideration was
given to the nature of the underlying rule construct. Even so, the fact

that sets cau be ordered as to their inclusiveness led naturally to the

questicn of rule generality. .ot only did this question have practical

releyance but, more important from the standpoint of theory. the SFL
provided a basis for rigorousiy defining just what is meant by generality.

One rile is saic to be more general than another if the denotative set of




the former includes that of the latter as a proper subset (i.e., the
former set includes all of the instances of the latter plus some of its
own) .

Our primary motivatiou for the rule generality study, then, was to
"try out" this definition. to see if it had the sort of straight forward
behavioral implications we had hoped. In particular, notice that all S-R
ins. ces of a principle are treated equally. Any stimulus within the
scope of a rule saould provide an adequate test of its acquisition.
Similarly, performance on extra-scope test stimuli should be uniformly
nil. Once learned, a highly general rule would, of course, be expected to
induce appropriate performance on a wide variety of tasks. At the same
time, however, it is quite possibie that the ease of learning a rule
statement, as judged by the ability to use it, may vary directly with its
specificity.

Another facet of our rule penerality research concerned the consistency
with which a learned rule is applied. In my earlier research,l? it was
found that, under certain conditious, experimental subjects respond
consistently in accordance with a derived rule. When told that their first
response was correct, those subjects who used a rule as the basis for
responding to a first test item also used the rule on a second test item.
These pilot results were obtained in a discovery-learning situation with
simple materials. There was a need to extend this finding to more complex
subject matters which are presented by exposition. In general, we found
strong support for this contention. Apparently, people tend to respond in
a consistent manner unless the context is changed or feedback otherwise

indicates that the rules have changed.

12 o,0,, See Joseph M. Scandura, "Teaching-Technology or Theory," American
Educational Research Journal, 1966, 3, 139-146.
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For the purposes of this discussion, we shall be nrimarily concerned
with only two hypotheses. First, performance on problens within the scope
of a rule does not differ appreciably and su:cessful problem solving is
limited almost exclusively to within-scope problems. Second, the ease
of learning a rule statement so that it can be applied to within- scope
problems varies directly with the rule's specificity. Thus, the more
general a rule statement, the poorer the learning.

To test these hypotheses we conducted two experiments, only one of
which I shall outline here. The crux of the experimental design and the
results can be seen in Table I. The three groups of experimental subjects
(Ss) were undergraduates enrolled in a mathematics education course for
elementary teachers. Each group was presented with one of three rule
statements of varying generality. All of the Ss were then tested on the
same three problems. Kule S was the most specific and was appropriate for
solving any problem in the certain class-~problen one was one such problem.
Rule SG was more general an¢ was potentially applicable to a wider range
of problems. In particular, it was logically sufficient to solve both
problems one and two, but not problem three. Rule G was the most general

rule; it was applicable to all three test problems.

TABLE I.

YUBER OF CORRECT SOLUTIOWS

N Problem One Problem Two Problem Three
Group S 17 13 0 1
Group SG 17 5 4 0
Group G 17 5 5 4

In agreement with the first hypothesis, there was almost no extra-

scope transfer and performanca on vithin-scope problems was essentially
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the same. Notice, in particular, that the performance obtained could be
predicted on the basis of a strictly logical argument. If people learu

an unfamiliar rule at all then they shoulu be able to arply it to any
problem or stimulus within the scope of the rule but not to similar problems
‘beyond the scope of the rule,!3

Defining rule generality in terus of the scope of the respective
denotative sets of S-R pairs, however, does not provide a sufficient basis
for explaining the results pertaining te the second hypothesis which was
concerned with the learnability of rule statements of different generality.
In the beginning, this hypothesis was based simply on intuition.

To check this hypothesis, consider the performance of the three groups
on problem one. Since this was the only problem within tiie scope of all
three rules, we expect on the basis of our hypothesis that group S would
do better than group SG which, in turm, would do better than group G. As
you can see, group S did do much better than the others, but the
performance of the subjects in froups SG and G did not differ appreciably.

To explain these results, it was found necessary to define an under-
lyirg construct, a cognitive competency underlying the behavior we observeq.
This led me to the four-tuple characterization previously outlined. When
the competencies necessary for interpreting the rule statements of varying
generality were analyzed it became apparent that the more general the rule,
the more is required of the learner. Thus, to apply a highly general rule
statement, once memorized, requires that the learner be able to apply any
rule of lesser generality but not conversely., To subtract any two numbers,
for example, implies that 2 can be subtracted from 6, but teing able to

subtract 2 from 6 does not imply that the learner can subtract with any

13pctually, the facts are not quitéWthis simple, but the statement appears
to be a good first approximation. John Lurnin and I have a study underway
in the Penn Laboratory which we hope will add further clarification.
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two numbers.

The fact tha: performance of the groups given the most general (G)
and intermsdiate {3G) rule statemunts did not differ can be attributed to
prior learning. In effect, those aldditional abilities needed to intzrpret
and, hence, to apply rule G wer2 not likely to h~ve caused the college
studants iuvolved any difficuelly.

Cince ;ostaiction is held in generally low recgard in the psychological
(but not scientific) co.omunity, let me add a brief word of defense. In
this particular study, we begsn with a precise dzfinition of rule generality
based on a preliminary version of the SFL; we conducted a study, and,
finally, we usec the results to extend and otherwise improve the very
fourdations on which our a privri analysis had been based.

What educaticnal implications can be drawn from this study? To begin
with, the results of these experiments demonstrate, in a rather conclusive
fashion, the behsaviorzl relevance of rule gemerality. TFor tie most part,
successful performance was ncted only on tasks within the scope of
verbally stated rules. When rules are presented in an expositcory fashionm,
it is normaily toc much to expect generalization to problems to which the
principle does nct immediately apply.I“

Potentially of even greater practical significance was the lack
(there was one exception) of performance differences on the within-scope
problems and the consistency results cited earlier. The former result
demcastrates that, under certain specifiable conditions, any stimulus
within the scope of a ruie is equally as difficult to respond to correctly
as any other. Furthermore, the obtained consistency results suggest that

onlv oue (new) test stimulrs is needed to determine whether, in fact, a

l4gee footnote 13. I might add that some transfer does take place and we
are now attemptiug to pin down the source of this transfer.
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given rule has been learned. Under certain specifiable couditioms, no
nocre information is gained by using additional test instances. These
results could have far-reaching implications for the development of highly

efficient measuring instruments.

In adaition, the pronounced tendency of the Ss to attack all of the
test problems in the same way, irrespective of whether the procedure used
was appropriate, suggests that knowing how to solve problems and knowing
when to use this knowledze are quite distinct. Testing for the latter
ability ncasssarily muct invelve the presentation of extra-scope problems.

vost important, ir. view of the problem I posed originally, this study
helps to reconciie the views of subject matter and learning specialists
as to how general the rresentation of material ought to be. Uhile one may
expect mariamm traasfer potential by introducing rulies of the greatest

possible generality, this transfer potential is bought at_a price the

teacher mav or mev not be willing to pnay. The greater its generality, the

hardsr a rule stctement is to interpret. Hence, before determining how
general a rule statement should be, it is essential to first consider
whether the studeants involved have the necessary requisite interpretative
abilities,? 5

Actually many teachers already do this, at least intuitively. All
that the present study does is to make these intuitions more explicit.
Frankly, I am always pleased when our results conform to what might be
called "comnon sense."” Too often psychological results, while perhaps

relevant to animal learning or the memorization of nonsense-syllable lists;

have wery little to say about the learning of mathematics and other subject

matters,

1 915e2ph il, Scandura, "On Ability Treatment Interactions (The Learning and
Intorpretability of Symbolically and Verbally Stated Mathematical Rules),"
Journal of Educational Psychology (1967, in press).
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Discovery Learning!®

one of the fundamental asagumptions underlying several of the new
mathcmatics programs is that discovery methods of teaching and learning
{ncrrase the student's ability to learn new mathematics. Indeed, this
assutption has guided the development of many new curricula in all of the
subject matter fields. Attempts to demonstrate advantages or disadvantages
of self-discovery, however, have either failed, been dpen to criticism on
scientific grounds, or are seemingly inconsistent even when apparently
well—coﬁtrolled.

Research on distovery learning has been confounded by differences in
terminology, the frequent use of multiple dependenﬁ measures, and vagueness
as to what is being taught and discovered. While the difficulties due to
the uze cf inconsistent terminology can often be minimized by a careful
reading of research reports, the use of multiple dependent measures often
make~ it impossiblz to umambiguously interprét experimental results.
Several investigators, for example, have found that groups which are given
an expository statement of a rule perform better on transfer tests than
groups which are required to -iscover this rule for themselves from instances
of the rule. The obtained differences in transfer ability, however, may -
well have been because the discovery groups simply did not discover the
rule.

Gagne and Brownl? overcame the dependent measure problem by equating

original learning and investigating only transfer differences on new

— E—-—

Toyilliam G. Roughead and Joseph M. Scandura, "Sequencing and the
Expository Presentation of What is Learmed in Mathematical Discovery,"
(paper read at the A.E.R.A. convention in New York on February 18, 1967).

17pobert . Gagne and L, T, Brown, "Some Factors in the Programming of
Conceptual Learning," Journal of Experimental Psychology (Vol. 62, 1961),
PP 313“321 °




problems, On the basis of an analysis of the learning prograns used in

the Gagne and Brown study, Eldredge 18 hypothesized that the obtained results
could have been due to a number of flaws in the programs used. Eldredge
proposed that expssition aad discovery situations may be hetter

characterized as differences in order of presentaticon, Exposition may be
defined as givirng rules snd then examples of these rulez whereas discovery
may be defined as giving the examples and then the rules, Cortrary to his
hypothesis, hovever, his discovery group dd cvidence more transfer than

his expositicn groun. Unfortunately, there ware a number of difficulties
with the study that makz the results difficult to interpret.

The Set-Function Language was used as an aid in removing these
difficulties. The resulting analysis of what is involved In discovering
rules indicates that discovery learaers learn "something" by vwhich they
can derive solutions to an entire class of problems. Roughead and I
callad this “something” a derivation rule. Thus, discovery learners who
actually succeed in making a discovery, should be expected to perform
better than expository learners on tasks which are within the scope of
such a derivation rule. If the newv probleus presented have solutions
beyond the scope of a discovered derivation rule, however, there would
be no reason to expect discovery f£s to have an§ special advantage.

This study was concerned with two basic questions. First. can "what
1s learned" by discovery be identified and if so, can that knowledge be
taught by exposition with equivalent results? According to the SFL. all
behavior is controlled by rules so that there might well be some identifiable

rule vhich is eouivalent to "what is learned" by discovery. Specifically,

18cacth M. Eldredse, "Discoverv vs. Lxpository Sequencing in a Programmed
Unit ca Suuming ﬂumoer Series ' in Sabriel M. Dnolla-Pilana, Garth M.
Eldredpe, and Dlaine R. Nortbau, Sequence Characteristics of Text Materials
and Trongfer of iweiaing (Salc Lake City: Bureau of s of Education Researrh,
1965} .
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we hypothesized that "what is learned" by gulded discovery in the Gagne and
Brown study could be identified and, hence, could be presented by
exposition. The second question was, how is "what is learned" by discovery
dependent on what the learner already kanows and/or the nature of the
discovery treatment itself? lore particularly, we hypothesized that the
discovery of a Gerivation rul* in actually be hindered by having too

much prior information.

Assuning transfer depends omly on whether or not the derivation rule
is learned, sequence of presentation should have no effect on transfer so
long as the subject is forced to learn the underlying derivation rule.
That is, presenting the derivation rule by exposition or by guided
discovery either before or after presenting the desired responses should
have no effect on performance on transfer tasks. On the other hand, if a
discovery program simply provides an opportunity to discover (with hints
as to the solution) but does not guide the learner through the derivation
procedure, sequence of presentation might well have a large effect on
transfer. Assuning the learner is capable and motivated, he may well
succeed in determining the appropriate responses and, in the process,
discover i derivation rule. It is not likely, however, that a person
would learn such a derivation rule if he already knew the correct
responses.

We mace three hypotheses: 1) what is learnmed by guicded discovery
can be presented by expesition with equivalent results; 2) presentation
order is mot critical when learners are effectively "forced" to learn
derivation rules, either by exposition ox by guided discovery; 3) presen-
cation order is critical when the discovery guidance provided is specific
to the respective responses sought rather than relevant to a general

strategy or derivation rule.
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The task we used was essentially identical to that used by Gagne and
Browm,and Eldredge and involved finding formulas for suuming the terms
in number sequences. That is, the stimuli were number series, like 1+
3+ 5+ 7, and the responses were formulas in n, the number of terms, for
summing such series. For example, the appropriate formula for summing
1+ 3+5+7+ .. + 20-1 is 0%,

Using the SFL as a guide (i.e., by identifying, in turm, D, 0, and R)
we were able to identify that derivation rule taught in the guided

discovery program used by Gagne and Browm. On the basis of this knowledge,

four programs were constructed: 1) the formula-given program simply

stated the correct surming formula for each problem series confrontea in
the learning program; 2) the gulded discovery program remained essentially
as it was in the earlier studies; 3) the expository program consisted of a
precise expository description of that derivation ruie which was presumably
equivalent to that learned by guided ciscovery. It consisted of a general
procedure by which the desired formulas could be derived; 4) in the

oppor tunity~to-discover program, the problemn sequences were presented along

with encouragement and hints as to what the desired formulas were. These
hints involved such statements as "the formula has a 12' in it The same
number sequences were used in each of these four programs.

Seven treatments were constructed by combining these four basic
programs. After going through a common introductory program, one group
of subjects simply went through the formula program. The other six groups
received both the formula program together with one of the other three
programs. Two of these six groups received the guided discovery progran
together with the formula program; two additional groups received the
expository and fornula programs; and the final two groups received the

opportunity-to-discover and formula programs. One group, in each of the

9
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resulting three pairs, received the programs in one order; the other group
received them in the reverse order. Only the order of presentation was
varied. After finishing their respective programs, all of the students were
tested on new series to see how well they could determine the appropriate
summing formulas.

The results were rather clear cut. Essentially, the proup given_ the

formula program only anl the group given the formula program followed by

the opportunity to discover program performed at one level, The other five

eroups performed at a common and gipnificantly higher level. Two points

need to be emphasized. First, "what is learned" during guided discovery
learning can at least sometimes be taught by exposition--with equivalent
results. Of course, there are undoubtedly a large number of situations
where because of the complexity of the situation, "what is learned’ during
discovery can not be clearly identified. It is still an open question, for
example, whether still higher order derivation rules, which have a more
general effect on'the ability to.learn, may' be learned by discovery. If we
believe that the answer to this question is affirmative, there is no real
alternative to learning by discovery unless or until we can identify just
what is involved. Nonetheless, intuitlon-based claims that learning by
self-discovery produces superior ability to solve new problems, as opposed
to learning by exposition, has not withstood experimental test. The value
of some forms of discovery to transfer ability does not appear to exceed
the value of some forms of exposition. Apparently, the discovery myth has
come into being not so much because teaching by exposition is a poor
technique as such but because what has typically been taught by exposition
leaves much to be desired. As we identify Just what it is that is learned
by discovery in more and more situations, we shall be in an increasingly

better position to impart that same knowledge by exposition.
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The second point to be emphasized concerns the sequence effect. While
the group that was given an oppcrtunity to discover and then the formula
progran perfornmed as well on the transfer problems as those given the
derivation principle in a more direct fashion, the group given these
programs in the reverse order (i.e., the formula-opportunity group) did no
better than those fs given the formula program alone. Inr effect, if a
person already knows the desired responses, then he is likely not to discover
a more general Gerivation rule.

An extrapolation of this result suggests that if S knows a specific
rule, then he may not learn ome which is more general even if he has all
of the prerequisites and is given the opportunity to do so. The reverse
order of presentation may enhance discovery without making it more difficult
to learn more specific rules at a later time, In effect, prior knowledge
may actually interfere in a very substantial way with later opportunities
to diccover.}!?

This sequencing result may have lmportant practical and theoretical
implications. The practical implications vill be attested co by amy jumior
high school mathenatics teacher who has 2ttempted to teach the "meaning"
underlying the %arious computational algorithms after the children have
already learned to compute. The children, in effect, uust say to themselves
something 1ike, "I alreaay know how to get the auswer, Why should I care
why the prccedure works?" Similarly, drilling students in their
multiplicaticn facts beifore they know what it means to multiply, may

interfere with their later learning what multiplication is. Let me make

1914 spite of this fact there nay be some advantages inherent in learning
more specific rules, Although the data are not entirely clezr on this
point, it is quite poss.ble that specific rules may rmake it possible to
deteraine responses more quickiy than rules which are more general.
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this péint clear, because it is an important one. I am mot saying that
we should teach meaning first siumply out of some sort of dislike for rote
learning--for certain purposes rote learning may be quite adequate and the
most efficient procedure to follow. What I am saying is that learning such
things as how to multiply without knowing what multiplication means, may
actually make it more difficult to learn the underlying meaning later on.
The theoretical implications are even more interesting for the researcher
and, in fact, nay be crucial to any theory based on the rule construct and
framed in the SFL--but space limitations demand that I not go into that
here.

In addition to the studies described above, we have conducted a number
of other studies, which are based on the SFL, but space limitations make
it impossible to more than mention them here. One of these studies is
designed to help clarify the role of attribute and operation cueing inm
learning mathematical rules. Another deals with the role symbolism plays
in mathematics learning. We are also involved in developing a completely
new methods course in mathematics for elementary school teachers which 1is

intimately tied to this point of viev,

Concluding Remarks

In this paper, I have tried to share with you some of my thoughts on

the psychology of mathematics learning=-or what I like to think of as the

emerging disciplize of psycho-mathenmaticg. As is obvious by now, I chose
not tc do this in a direct manner but by pointing out certain inadequacies
in existing behavicrisiic theory as it relates to mathematics learning and,
more important, br describing an alternative scisatific language and
showing how it can be used to formulate rescarch questions involving

mathematical learning and performance.

AR
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The mathematical notions of sets and functions were proposed as a
basis for representing: (1) the denotative or observable aspect of rules
and principles, (2) the underlying knowledge iteself, end (3) meta~linguistic
descriptions or representations of the unéerlying knowledge. Very recently,
I have beccome intrigued with the idea of integrating these ideas by
borrowing the very funaamental but more abstruse mathematical idea of a
functor., The functor may also make it possible to distinguish in a very
pracise way betwecen the sort of "fdeal" competencies which have long been
championed by linguists and competercies as they actually exist in human
beines. In the present version of the SFL, it has only beern possible to
deal with idealized rules {i.e., competencies).

To insure continued progress, it seems to me that a dual emphasis 1s

needed in psycho-mathematics. On the one hand, there are a large number of

unspecified, but crucial, "ideal" competencies which underlie mathematical
behavior. Thes2 need to be identified. This is a problem area which in
many ways {3 analogous to linguistics and whose solution will require a
substantial knowledge of matlematics coupled with a behavioral point of
view. Thoze is also the urgemt neec to consider how the inherent capacities
of learnerc and their previously acquired knowledge interact with new input
to produce mathematical learaing and performance. Again by cnalogy, we
have a fieié much like psycho-linguistics, a field which will seek to
integrate kpowledge concerninz psvchelopy and mathematical structures and
stratecies, I fcel that this kind of distinction will prove crucial to

any deqp tncercstanding of hew mathenztics (and other subject matters)

are )esymed.
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Background

In spite of an increasing number of basic research studies,
theoretical development in educational psychology has been cx-
tremely slow. With few exceptions, the research on meaningful
learning has been fraguentary. Results have often appeared to be
inconsistent; similarities and essential differences have gone
undetected.,

A major reason for this slow progress has been the lack of

an appropriate scientific language with which to discuss educational
research problens, Existing languages in psychology fail to

capture the essence of meaningful learning and teaching. The 3
L gshoice to date has been between a precisc, but secemingly inap-
propriate S-R language, and presunably more relevant cognitive
formulations which leave much to be desired insofar as scientific
cohesiveness and rigor are concerned.

x At the time this project was initiated, preliminary sieps

had been taken toward the development of a new scientific language
for formulating research questions on meaningful learning.

Because the language was framed in terms of the nathematical

notions of sets and functions, the name Set-Function Language

(SFL) was adopted.

Objectives

The overall objective of this research was to extend,
elaborate, and otherwise improve the SFL. e sought to determine
its strengths and weaknesses by applying it to a variety of
complex learning situations, particularly those involving mathe-
matics.

More specifically, we proposed to :
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(1)contrast the SFL with the S-R language,

(2)present a methodology for assessing what is learned,

(3)(re) formulate a variety of research questions in terme
of the SFL and the related assessment methodology, and

(4)deccribe some empirical research which was based on a

prelimirary formulation of the SFL.

Procedure

This project required a good deal of developmental activity

and evolved over a long period of time. The steps taken reflect
this fact.

Our preliminary thoughts on the SFL are included in paper l-- 4
"Phe Basic Unit In Meaningful Learning--Association Or Principle?"
Zn this paper, we were concerned with describing the SFL and its
relationship to the S-R Mediation Language. We presented a
methodology for assessing what is learned and (re) formulated
a variety of research questions in terms of the SFL and the re-
lated assessment methodology.

\s8 our understanding of the problem deepened, we undertook

the difficult task of refining and extending the SFL in paper 1I,
"Using the Principle to Formulate Research on Meaningful Learning."

We were able to do this by characterizing a principle as an ordered

four-tuple, (I,D,0,R),where:(1l) D referred to those stimulus

properties which determine the responses, {2) 0, to the combining
operation by which (3) the response properties (R) are derived
from those in D, and (4) I, to those stimulus properties which
determine when the rule, 0(D) #R, is to be applied. ile also
showed in this paper how the SFL aided in the development of

some of our research and how problems concerning reception and

discovery learning, reversal and nonreversal shifts, Plagetian
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conservation tasks, and symbolic and concrete learning zan be
reformulated in the SFL.

At about this time, we felt the need for a commentary to
researchers in mathematics and science education. In paper III,
"Pprecision in Research on Mathematics Learning: The Emerging
Field of Psycho-Mathematics," we attempted to provide in-depth
analyses of certain questions of concern to all rathematics and
science educators. We indicated how the SFL may help the researcher
in his quest for new and important questions, and how it may be
of even more help in formulating his questions in researchable
fornms,

Paper IV, "The Basic Unit In Meaningful Learning--issociation
Or Principle?" contrasts SFL and S-R formulations of several
meaningful learning tasks. These tasks were shown to be easily
represented in SFL terms and difficult, if not impossible, to
formulate in the S-R language. /e showed how principles as well
as associations and concepts can be represented in the SFL and
indicated areas of SFL-based research either completed or underway
during the past year,.

The final paper, "Concept Learning In Mathematics (Research in
the Emerging Discipline of Esycho-Mathematics)" attempts to glean
some of the highlights of both theory and empirical research
based on the SFL. ile also suggest future directions for psycho-

mathematics and comment on what may result in a major refinement

of the SFL.

Results
During the year that this project was in operation, a great
deal wae accomplished. It would be impossible to summarize all

that was learned, In brief, we have devised and refined a new
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scientific language (SFL) which provides for the description of

psychologically relevant subject matter characteristics. ‘e have
presented evidence in favor of using the principle, rather than
the association, as the basic behavioral unit in meaningful
learning. A methodology, based on the SFL, was presented for assess-
ing "what is learned," We also showcd how the SFL and the

related assessment methodology can be used to (re) formulate

a variety of research questions (e.g. paired associate principle
learning, reversal and nonreversal shifis, Piaget-type conserva-
tion tasks, and symbolic and concrete learning). Ia addition, a
number of empirical research studies based on SFL analyses were
described (e.g. Scandura, Woodward,and Lee (1967), Greeno and
Seandura (1966), Roughead and Scandura (1967) ). 1In the

Roughead and Scandura (1967) study, for example, the SFL analysis
of what is involved in discovering mathematical rules indicated
that discovery learners learn nsomething" by which they can

derive solutions to an entire class of problems. Ve called this
nsomething" a derivation rule, - Using the SFL as-a guide, we were
able to identify that derivation rule taught in a guided discovery

program used in an experiment by Gagne and Brown (1961).

Conclusions and Implications

We have pointed out certain inadequacies in existing

AT -

pbehavioristic theory as it relates to mathematics learning.

o

An alternative scientific language (SFL) was described and it
was shown how the SFL could be used to formulate research questions

involving mathematical learning and performance. The SFL helps

£i11 the gap between the highly controlled studies of the learning
laboratory and the more encompassing but less well specified

research of the mathematics educator.
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There are many problems that need to be solved if a useful
theory of mathematical learning is to be invented. The SFL in
its present form is not sufficient to deal with all of them.
For example, no attempt has been made to extend this approach
to deal with instruction which simultaneously involves several
objectives, Second, complex problen solving ard proving theorems,
in which there are several stages, have not pcen considered.
Third, the question of whether the SFL can be used to deal with
highly complex forms of interrelated knowledge is still open
and, finally, the SFL says 1ittle or nothing about memory or
learning efficiency (i.e. time to learn)., However, none of these
problems seems insurmountable and we are presently looking into
the possibility of extending the SFL in two ways: (1) by using
it as a basis for instructional planning in mathematics, and
(2) by looking into the very intriguing possibility of reformulat-
ing the SFL in terms of the more fundamental, but abstruse,
mathematical :otion of a functor. slthough it is too early to

say what may develop, we are very optimistic,
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In spite of an increasing nucber of basic research studies,
theoretical development in educational psychology has been ¢x-
trenely slow., With few exceptions, the research on reaningful
learning has been fraguentary. Results have often appeared to be
inconsistent; similarities and essential differences have gone
undetected.

A major reason for this slow progrese has been the lack of

an appropriate scientific language with which to discuss educational

research problens. Existing languages in psychology fail to
capture the essence of meaningful learning and teaching. The
choice to date has been between a precisc, but scemingly inap-
propriate S-R language, and presurably more relevant cognitive
formulations which leave much to be desired insofar as scientific
cohesiveness and rigor are concerned.

At the time this project was jnitiated, preliminary steps
nad been taken toward the development of a new scientific language
for formulating research questions on meaningful learning.
Because the language was framed in terms of the mathematical

notions of sets and functions, the nanme Set-Function Language

(SFL) was adopteds

Objectives

The overall objective of this research was to extend,
elaborate, and otherwise improve the SFL. We sought to determine
jts strengths and weaknesses by applying it to a variety of

complex learning situations, particularly those involving mathe~

matics.

Mcre specifically, we proposed to :
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(1)contrast the SFL with the S-R language,

(2)present a methodology for assessing what is learned,

(3)(re) formulate a variety of research questions in terms
of the SFL and the related assessment methodology, and

(4)describe some empirical resecarch which was based on a

preliminary formulaiion of the SFL.

Procedure

This project required a good deal of developmental activity

and evolved over a long period of time. The steps taken reflect

this fact.

Our preliminary thoughts on the SFL are included in paper I--
"Phe Basic Unit In Meaningful Learning-~Association Or Principle?"

Zn this paper, we were concerned with describing the SFL and its

e

relationship to the S-R Mediation Language. ‘e presented a
methodology for assessing what is learned and (re) formulated
a variety of research questions in terms of the SFL and the re-
lated assessment methodology.

As our understanding of the problem deepened, we undertook
the difficult task of refining and extending the SFL in paper II,
"Jsing the Principle to Formulate Research on Meaningful Learning."
We were able to do this by characterizing a principle as an ordered
four-tuple, (I,D,0,R),where:(1l) D referred to those stimulus
properties which determine the responses, (2) 0, to the combining
operation by which (3) the response properties (R) are derived

from those in D, and (4) I, to those stimulus properties which

determine when the rule, O(D)& R, is to be applied. Ue also
showed in this paper how the SFL aided in the development of

some of our research and how problems conce.ning reception and

discovery learning, reversal and nonreversal shifts, Piagetian
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conservation tasks, and symbolic and concrete learning can be
reformulated in the SFL.

At about this time, we felt the necd for a commentary to
researchers in mathematics and science education. In paper I1I1,
i"pprecision in Research on lNathematics Learning: The Emerging
Field of Psycho-Mathematics, we attampted to provide in-depth
analyses of certain questions of concern to all mathematics and
science educators. We indicated how the SFL may help the researcher
in his quest for new and important questions, and how it may be
of even more help in formulating his questions in researchable
fornms.

Paper IV, "The Basic Unit In Meaningful Learning--Association
Oor Principle?" contrasts SFL and S-R formulations of several
meaningful learning tasks. These tasks were shown to be easily
represented in SFL terms and difficult, if not impossible, %o
formulate in the S-R language. :e showed how principles as well
as associations and concepts can be represented in the SFL and
indicated areas of SFL-based research either completed or underway
during the past year.

The final paper, ''Concept Learning In Mathematics (Research in
the Emerging Discipline of Isycho-Mathematics)" attempts to glean
some of the highlights of both theory and empirical research
based on the SFL. We also suggest future directions for psycho-
mathematics and comment on what may result in a major refinement

of the SFL.

Results

During the year that this project was in operation, a great
deal was accomplished, It would be impossible to summarize all

that was learned, In brief, we have devised and refined a new
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scientific language (SFL) which provides for the description of
psychologically relevant subject matter characteristics. e have
presented evidence in favor of using the principle, rather than
the associztion, as the basic behavinial unit in meaningful
learning. 4 methodology, based on the SFL, was presented for assess-
ing "what is learned," We also showed how the SFL and the
related assessment methodology can be used to (re) formulate

a variety of research questions (e.gs paired associate principle
learning, reversal and nonreversal shifts, Piaget-type conserva-
tion tasks, and symbolic and concrete learning). In addition, a
number of empirical research studies based on SFL analyses were

described (e.g. 3candura, Woodward,and Lee (1967), Greeno and

Scandura (1966), Roughead and Scandura (1967) ). 1In the

Roughead and Scandura (1967) study, for example, the SFL analysis

of what is involved in discovering mathematical rules indicated

that discovery learners learn "something" by which they can

derive solutions to an entire class of problems. ide called this
ngomething" a derivation rule., -'Using the SFL as a guide, we were
able to identify that derivation rule taught in a guided discovery

program used in an experiment by Gagne and Brown (1961).

Concliusions and Implications

We have pointed out certain inadequacies in existing

:
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behavioristic theory as it relates to mathematics learning.
An alternative scientific language (SFL) was described and it
was shown how the SFL could be used to formulate research questions
involving mathematical learning and performance. The SFL helps
£i11 the gap between the highly controlled studies of the learning

laboratory and the more encompassing but less well specified

research of the mathematics educator.
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There are many problems that need to be solved if a useful

theory of mathematical learning is to be invented. The SFL in

its present form is not sufficient to deal with all aof thicme

For example, no attempt has been made to extend this approach

to deal with instruction which simultaneously involves several

objectives. Second, complex problem solving and proving theorems,

in which there are several stages, have not been considered.

Third, the question of whether the SFL can be used to deal with

highly complex forms of interrelated knowledge is still open

and, finally, the SFL says 1ittle or nothing about memory or

5 <]
earni: , efficiency (i.e, time to learn)., However, none of these

problems seems insurmountable and we are presently looking into

the possibility of extending the SFL in two ways: (1) by using

it as a basis for instructional planning in mathematics, and

(2) by looking into the very intriguing possibllity of reformulat-

ing the SFL in terms of the more fundamental, but abstruse,

mathematical notion of a functor, Although it is too early to

say what may develop, we are very optimistic.
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The field of learning psychology spans all the disciplines. This scholarly
study, while primarily directing itself to the area of mathematics, will prove

to be stimulating and thought provoking to all scientists.

Precision in Research on Mathematics Learning:

The

Emerging Field of Psycho-me: :ematics*

JosEpH M. SCANDURA

University of Pennsylvania, Philadelphia, Pennsylvania

The number of fascinating and weighty
questions concerned with mathematics learn-
ing is certainly large, if not uncountable.
As critically important as it is for the psycho-
mathematician* to ask significant questions,
however, that alone is not sufficient. Unless
such questions are formulated so as to
provide definitive information, the knowl-
edge so acquired may be worse than no
information at all—it may be misleading.

Since this problem is of no small concern
in research on mathematics learning, I shall,
in this paper, attempt the perhaps overly
ambitious task of providing in-depth analyses
of certain questions of concern to all mathe-
maties (and science) educators. A major
result of these analyses is a scientific sct-
function language (SFL) that may be of some
help to the researcher in formulating his
questions in researchable form.

To accomplish this, I shall describe some
of my own research over the past few years,
replete with blunders and insights. Con-
sideration is given to: (I) the assessment of
“what is learned,” (2) the basic behavior
unit in mathematics learning, (3) rule gen-
erality, (4) interpretability and symbolism,
(5) concrete and symbolic lcarning, (6)

*The name ‘‘psycho-mathematics” (“psycho-
mathematician’) derives by analogy from psycho-
linguistics (psycho-linguist) and suggests a dual
concern with human behavior and the structural
characteristics of mathematics—the study of the
behavioral invariants of mathematical structure.

2

cucing in discovery learning, (?) learning
mathematics by exposition and discovery.
Before I begin, however, let me give some
perspective to what is being attempted by
reviewing the role of basic researchi and
theory generally, and the need for and
nature of scientific languages.

Introduction

Background

The central aim of all basic, information-
oriented research is theory development.
Sound theory, in turn, provides the basis
for many inventions of use to mankind.
Einstein’s Theory of Relativity provided
much of the motivation for harnessing the
atom, and cell theory is leading in the direc-
tion of cancer prevention—so a sound
theory of mathematics learning (and teach-
ing) may make it possible to construet in-
structional procedures, efficient beyond pres-
ent-day expectation.

While there has been a good deal of action
rescarch in the classroom and carefully
controlled comparisons of different in-
structional sequences or curricula, there
has been little attempt to identify just what
it is that makes one method or curriculum
better or worse than another. To achieve
a better understanding of how mathematics
learning takes place, not only must the
research be sound in design, but the right
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questions must be asked and properly
formulated.*

I shall concentrate here on the identifica-
tion and formulation of significant questions
involving mathematics learning. Let me
be clear as to just what is intended. The
concern is not simply with the identification
of problem areas (e.g., the need for a better
understanding of how to sequence mathe-
matics instruction, the role of symbolism
in mathematics learning, how slow learners
learn mathematics) as important as that
might be. The mathematics educator, rais-
ing such questions, is much like the nuclear
technician saying that we need to know more
about the particles comprising atomic nuclei
before we can successfully harness the power
of the H-bomb. Neither is my task that
of simply arguing for the clear and unam-
biguous specification of experimental vari-
ables. That is a necessary but not suf-
ficient condition.

What I would like to do is consider how
the psycho-mathematician is led to raise
significant new questions, and once raised,
how he goes about formulating them in
researchable form. Unfortunately, I know
of no complete answer to either of these
questions. Furthermore, no a priori guar-
antee or procedure can ever be prescribed
to insure that the scientist will not end up
a blind alley. (This is probably a good
thing since so many seemingly blind alleys
have led to some of the biggest scientific
breakthroughs.) Especially in the less de-
veloped sciences, of which psycho-mathe-
matics would be one, most research ques-
tions are based solely on intuition. The
adequacy of both their identification and

* This paper is concerned only incidentally with
questions of design. Competence in this area is
assumed (not always a feasible assumption as regards
educational research). Once his problem has been
identified, the technically competent scientist must
be able to set up, conduct, and analyze his data so
as to answer the question initially posed. Without
such competence the scientist, whether physicist,
chemist, psychologist, or psycho-mathematician, is
like the mathematician who cannot prove routine
theorems, It is his sine qua non.

specification are dependent on the perspicuity
of the scientist’s intuition.

Nonetheless, there are more formal means
by which the scientist may be led to ask
new questions. One of these is theory.
Manipulations within the system, itself,
may lead to new propositions ready for
empirical test. The advantage of generat-
ing research questions on the basis of theory,
rather than by sheer intuition, is that the
experimental results tend to either sub-
stantiate or refute not just the question
at hand but a whole set of interrelated
propositions about the real world. Where
such theory exists, a theoretical approach
is certainly to be recommended, for economic
as well as aesthetic reasons. There are
simply too many questions that might other-
wise be asked—and research is expensive
of both time and money. As suggested
above, however, the scientist must be
constantly aware of the danger of restricting
his concern to one theory with little atten-
tion being given to the real world. He
might well end up with a highly elegant
theory that says nothing in particular
about anything important.

In any case, there has been very little
theory based research on mathematics
learning for the simple reason that there
are few relevant theories. Hopefully for
the future some highly promising work is
underway.!

Rather than well-formulated deductive
theories, however, the scientist may be led
to ask new research questions by making use
of scientific languages or other incomplete
models. A scientific language is just what
the name implies, a symbolic language with
which to talk about scientific questions (e.g.,
to formulate research problems).

As with theory, there are certain desirable
characteristics of scientific languages. A
language should, if it is to be an improvement
over the native language, be concise with the
constituent symbols having a precise mean-
ing. Mathematics makes an ideal language
in this sense. The primary requirement,
however, is that the language accurately
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represent the phenomena in question.  With-
out such fidelity the language can have no
real value. The ideal language is one which
strips an empirical situation of non-cssentials
while accurately and precisely retaining
that which is central—a process much akin
to abstraction. While the mathematician
asks, “Why restrict one’s attention to
cuclidian spaces when any metric space
will do?’, the psycho-mathematician asks
such questions as “Why restrict one’s at-
tention to the effects of familiarity, with the
concepts of limit and absolute value, on
learning the epsilon-delta definition of a
limit when a large number of behaviorally
similar situations exist in mathematics
learning?”’

Although it may provide a rigorous basis
for analyzing empirical situations, however,
a scientific language may have only indirect
relevance to any particular set of theoretical
postulates. This is at once the major ad-
vantage and the major limitation of a
scientific language. It is an advantage
in that no commitment is made to any
one theory although usually some type of
theory is implied. Thus, while the S-R
language is used almost exclusively by
contemporary experimental psychologists,
the S-R theories employed vary from highly
structured Hullian theory and Guthrie-
Estes-type stochastic models to the use of
relatively simple S-R diagrams with a
minimal list of ad hoc assumptions. The
major limitation of a scientific language is
that empirical predictions cannot be formally
derived without the addition of theoretical
assumptions.

Inadequacy of Existing Languages

Granting the potential value of a language
in promoting significant research on mathe-
matics learning, the important question is,
“What language?’ As indicated above,
an entire school of psychologists has found
extremely useful the so-called S-R language,
a language which, for the most part, has
derived most of its basic concepts from
animal experimentation. Is this molecular

associationist language suitable for use in
describing mathematics learning? Surely,
I am not the first to think not.®*

Other frameworks within which to treat
mathematics learning, teaching, and/or
transfer have been advanced at a more molar
level, but they huve been intended as ameans
for organizing literature reviews and not as
a basis for making the fine discriminations
necessary in formulating research on mathe-
matics learning. Henderson? for example,
viewed mathematics teaching as an ordered
triple, teacher X teaching subject or topic
Y to student(s) Z. Similarly, Becker and
MecLeod® have proposed a basis for char-
acterizing transfer situations in mathematics.

A most important outcome of recent col-
laborative efforts between mathematics edu-
cators and psychologists has been to focus
attention on the close relationships between
task and method variables. Mathematics
educators and psychologists have increas-
ingly ecome to realize that research on mathe-
matics learning and teaching must, on the
one hand, deal with mathematical structure,
and, on the other hand, with observables
(i.e., behavior). Little of scientific and
practical value to education can be ac-
complished by talking about either structure-
free (i.e., rote) materials or unobservable
mental processes.

There has been a resulting recognition
of the need for a precise language, couched
in observables, which also provides for
the description of psychologically relevant
mathematical characteristics. To be useful,
such a language should, at a minimum, make
it possible to represent existing learning,
what information is presented and how,
criterion tasks, and structural relationships
between them.

How does one go about devising a scientific
language? Here again no one answer can
be given. What I shall deseribe in the
following sections is the chain of events

* Further discussion of this and subsequent topics
where indicated is available by corresponding with
the author; he will welcome such communications.
Editor.
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which led me to the sct-function language
(SFL) there introduced. My approach was,
in part, haphazard and, in part, based on an
analysis of just what is involved ir cerlain
aspects of mathematics learning (I clearly
have not attempted to deal with all that is
relevant). Where appropriate and possible
the questions considered are represented
symbolically, thereby exposing the basic
structure of the empirical situation involved.
Happily, it turns out that these critically
important characteristics can be formulated
precisely, largely in terms of the set and
function concepts of mathematics.

Before proceeding let me emphasize that
I do not pretend to have the final word, but
only what I feel is a step in the right direc-
tion.

The SFL and Research on Mathematics
Learning

What Is Learned and Response Consistency

If, as has been proposed,*!%14% the cur-
rent state of the learner is critical in deter-
mining his response to a new stimulus, and,
indeed, in determining his future learning,
the assessment of “what is known” becomes
a central task in psycho-mathematics.

To see what is involved, consider the
situation depicted in Figure 1. Suppose an
experimental subject (S) is required to learn
to say the indicated words when shown the
learning stimuli (e.g., to say “black,”
when shown the large black triangle).
After the four training S-R pairs aremastered,
so that the subject can reliably give the

LEARNING TEST ONE TEST TNO

-~ BLACK

A
O ~  LARGE
A — W ‘ -~ o -

@ — s

A - AN

Fig 1. Sample learning, assessment (test one), and
prediction (test two) stimuli and responses.

correct response to each stimulus, the ques-
tion remains as to just what was learned.
Did the subject learn four discrete pairs
(i.e., associations), noticing no relation-
ships between them? Or, did he learn
the two principles, “If triangle, then color.”
and “If circle, then size.”?*

This question first began to bother me
while working with Jim Greeno at Indiana
University during the summer of 1962.
In a study designed by Greeno,® we found,
in a verbal concept learning situation, that
essentially S either gives the correct response
the first time he sees a transfer stimulus or
the transfer item is learned in the same way
as its control.

The thought later occurred to me that if
transfer obtains on the first trial, if at all,
then responses to additional transfer items,
at least under certain conditions, should be
contingent on the response given to the
first transfer stimulus. In effect, a first
transfer stimulus could serve as a test to
determine what had been learned during
stage one, thereby making it possible to
predict what response S would give to a
second transfer stimulus.

To test this assumption, I had a number
of small groups of college graduates, a total
of about fifteen Ss, overlearn a list similar
to that shown in Figure 1. Prior to learning
the lists, both the Ss and the experimenter
(E) agreed on the relevant values and di-
mensions—size {iarge-small), color (black-
white), and shape (circle-triangle). The
Ss were told to learn the pairs as efficiently
as they could since this might make it pos-
sible for them to respond appropriately to the
transfer stimuli. After learning, the Test
One Stimuli were presented and the Ss
were told to respond on the basis of what
they had just learned. Positive reinforce-
ment was given no matter what the response
(ie., the Ss were told they were correct).
The Test Two Stimuli, then, were presented
in the same manner.

* Notice that both statements have the form, “If
I’, then R".” The reason for using primes will be-
come clear in a later section (Further Analyses).
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The results were clear-cut. All but three
of these Ss guve the responses ‘black”
and “large’” respectively to the two Test
Ore Stimuli (see Fig. 1), and also responded
with “white” aic “small” to the Test Two
Stimuli. On what basis could this happen?
It was surely not a simple case of stimulus
generalization;* the responses did not de-
pend solely on common stimulus propertics.
The first Test One Stimulus, for example,
is as much like the fourth learning stimulus
as the first (sce Fig. 1).

Perhaps the simplest interpretation of the
obtained results is that most of the Ss dis-
covered the two underlying principles whiie
learning the original list and later applied
them to the test stimuli. In effect, the
common relationships between the S-R
pairs when combined with a response con-
sistency hypothesis (i.e., when S ‘thinks”
he’s right and the new situation is relevant,
he will continue to respond in a similar
manner) provided a basis for assessing ‘‘what
was learned.”t

Basic Unit of Behavior—Association
or Principle

In order to construct a precise descriptive
language which adequately reflects mathe-
matics learning, a basic behavior unit must
be selected. The history of science has
shown that the hypothesis-generating and
predictive value of any theory or scientific
language is determined in large part by the
appropriateness of its basic building blocks.

In S-R psychology this basic building
block is the association, a learned connection

* Stimulus generalization refers to the fact that
there is a positive probability that a new stimulus,
A., will elicit response B whenever A: is similar to A;
and A; already is known to elicit B.

1 In effect, this assessment procedure capitalizes
on the Einstellung (mental set) phenomena, first
discovered by Luchins.®* The fact that adult Ss tend
to encode via dimensions (e.g., color) rather than
stimulus values (e.g., black), however, may be at
least partially original.

As will be seen in the following study ¢u Rule
Generality, response consistency also obtain: with
actual mathematical rules.

between an observable stimulus (e.g., light,
nonsense syllable, or mathematical problem)
and an observable consequence or response
(e.g., salivation, another nonsense syllable,
or snlution). A connection or association is
said to be formed if the response appears
with a positive probability whenever the
corresponding stimulus is presented.

Learning a concept, presumably a more
complex form of learning, involves the ability
to give a common response to any one of a
set of stimuli. To say that S understands
the concept of “circle,” for example, implies
that S is able to say the name *circle,”
the common response, when shown any
example of a circle but will not say “circle”
to any noncircle stimulus.

In effect, whereas an asseciation is a 1-1
relationship, a concept is a many-1 relation-
ship. Since 1-1 relationships are felt to be
basic, the S-R psychologist has felt obliged
to represent the many-1 concept relation-
ship as a composite of 1-1 relatioi:ships.
This was made possible by the postulation of
mediating links (associations). Thus, the
many-1 relationship can be viewed as

sl\
~

So Mes R

S3

where S;, S, and S; are stimuli connected
to the mediating response M;:s whose stimulus
properties, in turn, elicit R.*

A still more complex form of learning is
the principle. Knowing a principle makes
it possible to give the appropriate response
in a class of responses to any one of a class
of stimuli. Principles are, thus, many-
many relationships and operate somewhat
as indicated by a statement of the form,
“If A, then B.”” Examples of principles
in mathematics are easy to come by. The

* Tn this display, M, refers to both the mediating
response and its stimulus properties. Whereas S-R
psychologists have made use of this distinction, no
purpose is served in doing so here.
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principle (statement), “If given a quadratic
equation (of the form & + Bx 4+ C = 0),
then the two roots, r and r» may be obtained
by solving the equation (—B %= VB2 =-40)/
2,” for example, makes it possible (assuniing
the neeessary manipulative skills) to find the
roots of any quadratic equation.

Because of their obvious relevance to
mathematics (and other meaningful) learn-
ing, it is perhaps surprising to the mathe-
matics and science educator that psycholo-
gists have done relatively little research
on principle learning. In view of the pre-
occupation with associations, however, it is
perhaps not so surprising after all No
one has made a serious attempt to char-
acterize principles in terms of associations.*
In attempting to sec if it could be done,
I came up with what appears to be an ac-
curate representation. The result,® how-
ever, is far from aesthetic. In fact, it is
downright cumbersome—still more reason
for psychologists to have almost completely
avoided the study of principles.

When the observable, and therefore scien-
tifically relevant, aspects of the association,
concept, and principle are formulated mathe-
matically, the result, in each case, is simply
a sct of ordered stimulus-response pairs.
A learned association is denoted by only
onie such pair, a concept by a sei of pairs
with a common response, and a principle
by an arbitrary fu.clion (i.c., a set of or-
dered pairs, such that each stimulus cor-
responds to onc and only one response).
When looked at in this way, the principle
becomes the basic unit while the concept and
associalion become special cases.

The psycho-mathematician is, thus, faced
with a dilemma: (Z) maintain the associa-
tion as the basic unit, along with a large
body of existing psychological data, and
have a cumbersome tool (language) with
which to study mathematics learning, (2)

* Gagne™® has advanced a forms lation of a prin-
cipie in terms of concepts. ‘While this represent.tion
is operational (i.e., useful), it is questionable wh.u:er
the association is the basie building block.

J. M. SCANDURA

adopt the principle and thereby base his
research on a relatively unproven behavioral
unit, or (3) formulate his research questions
on a strictly intuitive, and relatively im-
precise, basis. Although arguments can
be made for cach approach, the present
paper is concerned only with the second.

Principle Generality and Consislency
in Mathematics Learning

How general (abstract) should the presen-
tation of mathematicsbe? Should addition
and subtraction be taught as two distinct,
although related, operations, as has been
done traditionally, or as one operation as in
more modern treatments? Should the three
cases of percentage be taught scparately
or as variants of the principle, ‘“base times
rate cquals percentage?”’ Should pupils
be taught the method of “casting out nines”
or be taught the more general prineiples of
modular arithmetic? How generally should
theorems be stated? Proofs?

Mathematics educators have had to
concern themselves with such problems,
but they have had only intuition to guide
their judgment. There is a real need to
better understand the psychological prin-
ciples involved. Unfortunately, however,
previous studies involving rule and principle
learning have dealt only incidentally with
the question of generality.

Assuming that the answers hinge, at least
in part, cn learnability as well as general
utility and armed with the denotative char-
acterization of a principle as a function,
Woodward, Lee and I set out to explore
this question. In particular, we were con-
cerned with the effects of principle generality
on learnability and transfer. We also ex-
plored the response consistency hypothesis
with more complex materials. Two ex-
periments were conducted, the independent
variable in both cases being the scope (i.c.,
generality) of a principal statement. Scope
was defined in terms of the corresponding
denotation, one statement being more general
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than another if the denotation of the former
included the latter.*

Our original hypotheses were that: (1)
the scope of a principle would be fully re-
ficeted in performance, there would be
little success on extra-scope problems and
no differences in performance on within-
scope problems, (2) the learnability of a
statement, as determined by within-scope
performance, would vary inversely with
scope, and (3) the combining rule taught
would be used on all problems even when,
after proposing a problem solution, S was
not told whether he was right or wrong
(i.c., under conditions of nonreinforcement).

Experiment One. In the first experiment,
each group of 17 college Ss (majors in ele-
mentary education) was presented with one
of three ordered principles dealing with a
variant of the number game called NIM.!
In the game, two players alternately select
numbers from a specified set of consccutive
integers, beginning with one, and keep a
running sum. The winner is the one who
picks the last number in a series with a pre-
determined sum. If, for example, this sum
is 31 and the set consists of the integers
1-6 the players alternatively select numbers
from 1-6 until the cumulative sum is either
31 or above (in which case no one wins).
There are rules which allow the player who
goes first to win.

Any such game can be characterized by
an ordered pair of integers. The application
of each winning principle was illustrated with
a common (6, 31) game. The least general
principle (8), adequate for winning only
(6, 31) games, was stated, “...make 3
your first selection. Then...make .clec-
tions so that the sums corresponding to your
selections differ by 7.” Principle SG)

* Notice that defining a principle as a function
makes it possible to consider a variety of otier rela-
tionships between different principles. In particular,
two functions (i.e., sets) may be disjoint (i.e., nave
no instances in common), overlap, or be identicai in
addition to being ordered (i.e., one being moi»
general than the other). Such relationships might
provide a basis for formalizing questions concerning
the effects of prior learning on later learning.

was adequate for solving (6, ) gamesj = 1,
2, ..., n and was stated, *‘the first sclection
is determined by dividing the desired sum
by 7 and making the remainder your first
selection. ...Then...make selections so
that the sums corresponding to your selec-
tionsdiffer by 7.”” The most general principle
(G) was adequate for solving (7, 7) games 7
=12 ...,m j=12 ...,nand was
stated, “the first selection i. determined by
dividing the desired sum by one more than
the largest integer in the set from which
the sclections must come and making the
remainder your first seclection.... Then
...make selections so that thc sums cor-
responding to your sclections differ by one
more than the largest integer in the set.”

All Ss, including two control groups, were
tested on three problems. The first was
within the scope of each principle, the second
within the scope of all but principle S,
and the third only within the scope of prin-
ciple G.

The results were straightforward.* Of
those 13 Ss in group S who solved problem
one, none solved problem two, and only
one solved problem three. The correspond-
ing numbers for groups SG and G were,
respectively, 5, 4, 0 and 5, 5, 4. Within
the scope of cach principle there were only
chance differences in performance on the
problems. On the other hand, only one S
solved an extra-scope problem.

The relative interpretability of the three
rule statements was determined by com-
paring group performance on problem one
which was within the scope of cach. Rule
S proved to be casier to learn, under the
self-paced conditions, than were the rules
SG and G (p <0.007 in both cases). There
was, however, no discernable difference in
the interpretability of rules SG and G.

The third facet of this research was con-
cerned with the consistency with which
presented principlesare applied. We wanted
to determine whether the S and SG Ss
would use the rule taught even when it was

* Ixact probability tests on 2 X 2 contingency
tables were used to test the varipus hypotheses.
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inappropriate (on the sccond and third
problems). To make this possible, no
information was given as to when the prin-
ciples were and were not appropriate.

Of the 17 S Ss, 13, 9, and 8 used the rule
taught on problems one, two, and three,
respectively. The corresponding numbers
in groups SG and G were 7, 7, and 5 and 6,
6,and 6. Although there was a slight tend-
ency to not use the rules taught on problems
two and/or three, where they were in-
appropriate, there werc no significant dif-
ferences in frequency of use.

These results certainly provided strong
support for our original hypotheses: (1)
performance on within-scope problems did
not differ appreciably, even though the
common illustration was more similar to
problem one than the others, and successful
problem solving was limited almost ex-
clusively to within-scope problems, (2)
rule S proved easier to interpret than rules
SG and G, and (3) the rules taught tended
to be used consistently on all problems
whether they were appropriate or not.*

About the only major unanticipated re-
sult in experiment one was that rule G
proved as easy to interpret as rule SG.
In view of the rather low proportion of
successes in these groups, we were originally
tempted to attribute the lack of such an

* The first mentioned result has particular rele-
vance for the psychologist since it crystallizes the
fact that no generalization gradient is to be expected
when the stimulus values are discrete rather than
based on a continuous physical dimension. If there
were such a gradient, performance on the first test
problem, which was more similar to the example,
should have been superior to that on the other prob-
lems. Even S-R associationists are generally
agreed that the lack of such an effect provides in-
direct support for a rule or principle interpretation.
To the extent that the variables involved in mean-
ingful learning are discrete, a rule interpretation may
prove more useful.

Furthermore, when the underlying stimulus di-
mension(s) are continuous, S-R theorists will need to
consider the possibility that generalization gradients
are simply artifacts of averaging individual differ-
ences in perceptual discrimination (and, heuce, what
rue is learneu ) over continuous dimensions.

J. M. SCANDURA

cffect to scale insensitivity near its lower
extreme.

Experiment Two. To determine the gen-
erality of these findings, a second experi-
ment, dealing with arithmetic series, was
conducted with junior high school Ss. In
this experiment, both scope (8, SG, G) and
example (present, absent) were varied
independently. Since most of the Ss were
already familiar with the arithmetic opera-
tions introduced and, to some extent, with
number series generally (i.c., as in adding
I, ts), it was felt that examples might provide
a basis for generalization, via discovery, to
extra-scope problems. Another difference
between this experiment and the first was
that rule S, 50 X 50 (= 2500), was effec-
tively an answer given treatment and applied
to only one series. This series was used
both as the common example and as prob-
lem one. In experiment one, rule S applied
to a number of different game sequences.

Although the pattern of results shown in
Table I paralleled those of experiment one
in most respects, there were several im-
portant differences. First, the presence
of the example (problem one) along with
rule S resulted in significantly better per-
formance on problem two than when rule S
was shown alone, the only case in either ex-
periment where nonnegligible success was
noted on an extra-scope problem. This
effect may have been due to the form of the
combining operation, “50 X 50,” in the rule
S statement. “50 X 50" is clearly an
instance of the more general SG combining
rule, “n X m = n?” Presumably, the
statement of rule S, together with the com-
mon illustrative series, 1 + 3 + 5+ ... +
97 + 99, provided the successful S Ss with
enough cues to generalize. In pacticular,
they may have discovered that this series
had 50 terms. Hindsight suggests that this
difficulty might have been overcome by
simply stating the sum, 2500, of the il-
lustrative series rather than “50 X 50.”

Second, Table I indicates that only three
of the 19 G-with-example Ss solved problem
three whereas 18 solved problem one and
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TABLE 1
Sun mary: Number of Correct Sums (Uses of Rule Taught) on Problems One, Two, and Three

Rule Rule and Example
N one two three N one two three
Group S 20 8 (8) 1(1) 2(1) 21 20 (20) 9 (0) 3(06)
Group SG 20 5() 4 (5) 0(5) 15 11 (12) 8 (9) 1(6)
Group G 19 3(5) 5(7) 2(7) 19 18 (18) 14 (16) 3(15)

14 solved problem two. The decerement
between problems two and three was sig-
nificant (p <0.004). The reason for this
difference was not immediately apparent
especially since 15 of these Ss applied rule
G to the third problem. A more intensive
post hoc analysis of the situation, however,
suggested that the result may have been
due to a difference in ease of determining N,
the number of terms, for use in the G com-
bining rule, [(A + L)/2]N. N could be
determined from problem series one and two
by taking the average of the first and last
terms. A careful examination of the test
papers suggested that this led to the in-
correct value (25, rather than 24) for N
in the third series, 2 +4 4+ 6 + ... + 46
+ 48. In short, the difficulty was not in
the rule but in finding the correct value of
N. Such difficulties may be circumvented
in future experimentation by controlling
for such unwanted differences.*

Third, although the results of experiment
two were in the hypothesized direction, only
the overall effect of scope on interpretability
was significant. This led us to wonder
whether interpretability of the principle
statements depended solely on generality:.
Could the principle statements have also
differed as to the difficulty of interpreting
the actual terms or symbols used? After
consideration of this possibility, interpret-
ability was rejected as an important factor
in c..periment two since a recheck convinced
us that we had succeeded reasonably well

* It may be desirable to think of properties, such
as N, as being derived from lower order (i.e.,, more
easily discernible) stimulus properties. Thus, the
rule, (A + L)/2, worked for problems one and two
whereas 1./2 was required for problem three.

in stating each principle as clearly as pos-
sible. Perhaps a more likely interpretation
is that the Ss’ familiarity with arithmetic
interacted with the materials used so as to re-
duce the effects of statement generality.
Fourth, only one of the Ss who was shown
the rule, 50 X 50, applied it to problems
two and three. This result can probably
be attributed to an interfering effect due
to prior familiarity with addition problems.
The Ss may simply have mistrusted rule
S. How could a rule like 50 X 50, having
only one answer, be the sum of all three
problem series? Most junior high school
Ss would find it unreasonable that the
series 1 + 3 + ... + 99 (problem one)
and 1+ 3 4 ...+ 79 (problem two) have
the same sum (50 X 50). Some such
reluctance may also have obtained on prob-
lem one with group S-without-example.
Nonetheless, we were surprised that only
8 of those 20 Ss, not presented with the
illustrative series, gave the correct sum
(2500 or 50 X 50) for problem one.
Implications and Theoretical Comment.
The results of these experiments demon-
strate, in a rather conclusive fashion, the
behavioral relevance of principle generality.
TFor the most part, successful performance
was noted only on tasks within the scope of
verbally stated principles. When prin-
ciples are presented in an expository fashion,
it is normally too much to expect generaliza-
tion to problems to which the principle does
immediately apply.t
Of perhaps even greater practical sig-
nificance were the lack (there was one excep-
t We have an experiment underway which we

hope will help to identify the conditions under whish
extra-scope generalization may be expected.
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tion) of performance differences on within
scope problems and the consistency results.
The former result demonstrates that (almost)
any stimulus within the scope of a principle
is equally as difficult to respond to correctly
as any other.  Furthermore, coupled with
the consistency data cited above, the ob-
tained consistency results suggest that
only one (new) test stimulus is needed to
determine whether, in fact, a given prin-
ciple has been learned. No more informa-
tion is gained by using additional test in-
stances. These resulls could have far-reach-
ing tmplications for the development of highly
efficient measuring instruments.

In addition, the pronounced tendency of
the Ss to attack all of the test problems in
the same way, irrespective of whether the
procedure used was appropriate, suggests
that the ability (i.e., knowing how) to solve
problems and knowing when to make use of
this ability to solve problems are quite
distinet. Testing for the latter ability
necessarily must involve the presentation
of extra-scope problems.

Perhaps even more important than the
results of these exploratory experiments
were the post hoc analyses they made both
necessary and possible. In particular, the
preceding discussion strongly suggests that
the roles played by various aspects of a
principle statement need to be more clearly
specified. The form, “If I’, then R’
does not detail all that appears relevant.
For one thing, it was not possible in the rule
generality study to distinguish between the
roles played by A4, L, and N (where A, L,
and N have a particular meaning) and the
algebraic expression, [(X + Y)/2]Z (where
the variables have general relevance). The
former variables relate to properties of the
series stimuli, while the latter is a ternary
operation by which another such property
(e.g., sums) may be derived. I’, of course,
although it played no role in the rule gen-
erality study is also critical. It tells when,
in fact, a rule can and cannot be applied.
Thus, the rule, N2, is appropriate whenever
an arithmetic series consists of the consecu-

tive odd integers beginning with 1 while
[(A + L)/2]N works whenever there is a
common difference between adjacent terms.
an arithmetic series consists of the con-
secutive odd integers beginning with 1 while
[(A + L)/2]N works whenever there is a
common difference between adjacent terms.

These observaitvis sugges! that a principle
statement may be represented more appro-
priately by the form, “If I', then O’ (D’)
= R')’ where I' refers lo the set of stimulus
properties which indicate when the rule,
denoled O' (D'), should be applied, D’ refers
to the set of those properties which delermine
the responses, and O’, the operation from which
the responses, denoled by R', may be derived
from the properties referred to by D’.

Similarly, a principle, that internalized
repicsentation which determines a learner’s
responses lo stimulz, may be characterized by
an ordered four-tuple (I, D, O, R). Primes
may be used (as has already been done im-
plicitly) to distinguish between referents (e.g.,0)
and the symbols used to represent them (e.g.,
OI’ 0”).

Although the actual symbols used in a
statement may be an important factor as
has been suggested above and as will be
demonstrated in the next section, the hy-
pothesis advanced in the rule generality
study to the effect that scope and learnability
are inversely related finds a formal rationale
in the nature of the characterizing elements.
Making operational use, for example, of the
arithmetic series property (i.c., dimension),
“the difference between adjacent terms is
some common value,” necessarily presumes
that, ‘“‘the difference between adjacent
terms is two,” “ ... three,” ‘“‘etc.,”’ can all
be correctly interpreted. The converse
does not necessarily follow. A similar
relationship exists with respect to the rules,
50 X 50 and N X N. To correctly apply
the latter, more general, rule to any par-
ticular series requires the ability to deter-
mine any value of the dimension N, in-
cluding 50. Being able to apply 50 X 50,
however, does not.

1t would appear that the more general
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the principle the more is expected of the
learner. Whether such differences will be
reflected in behavior, however, may depend
on not only rule generality but the popula-
tion involved, particularly on whether the
Ss have the necessary requisite abilities.

In effect, differences in generality appear,
on analysis, to ve equivalent to differences
in abstraction level. Thus, the number {wo
is more abstract than the property two
oranges because the former applies to a
collection of sets only one (subcollection) of
which has the latter property. Ior the
same reason, the property represented by the
place holder X is more abstract than the
number {wo since it refers to a still higher
order collection. Unfortunately, we have
not yet conducted a study designed to pro-
vide definitive information on these points.
For the present, this analysis remains hypo-
thetical.

Interpretability and Symbolism

To help clarify the role symbolism plays in
mathematics learning, I recently completed
a study' with the help of John Davis in
which we varied both the symbols actually
used to construct statements of a principle
and the ability of an S to interpret these
symbols. It seems almost axiomatic that the
ability to interpret a statement of principle
depends critically on the ability to interpret
the symbols of which it is composed,™ be
they mathematical symbols or elements of
the native language (e.g., English). None-
theless, in mathematics learning the use of
mathematical symbolism is frequently, if
not always, preferred to ordinary English.
The reason why, however, is never made
explicit.

The purpose of this study was to deter-
mine whether: (1) principles are more
casily memorized when stated symbolically
or when stated verbally* and (2) the ability
to correctly use constituent symbols and
the required (grammatical) combining rules

* See footnote page 255. Edilor.

is a necessary and/or sufficient condition
for applying a learned (i.c, memorized)
principle statement.

Method. Tour artificial principles, each
unfamiliar to the 24 Ss (college majors in
elementary educa ion), were selected for
study. Each principle was based on one
of the following notions: greatest integer,
sigma notation for sequential addition,
vector, and partial derivative. Two state-
ments of each principle were prepared; one
was composed of unfamiliar mathematical
symbolism and the other of carefully, yet
succinctly, worded English. For example,
the greatest integer rule was stated (in
English),

1. Take the greatest integer in X.

2. Take the greatest integer in Y.

3. Divide the result of step one by the
result of step two.

4. Take the greatest integer in the quo-
tient obtained in step three.

The symbolic form of this rule was [([X]
+ [YD]

Tasks also were designed to train the Ss
to interpret the constituent symbols. For
example, one set of tasks involved the
greatest integer function (i.e., f(W, [W])Iall
real W}). In addition, all of the Ss were
required to demonstrate proficiency in the
use of parentheses as a means of signifying
the order in which binary operations are
to be taken. These conventional rules of
grammar were involved in all four principles.
Of course, neufral materials were used to
teach and assess proficiency in the use of
parentheses. In no case did the pretraining
or assessment include either a complete
rule or one of its instances.

A 2 X 2 factorial design, with repeated
measures, was used. Each S effectively
served as his own control. One factor was
the form in which a given principle was
stated, symbolic or English. The other
factor involved the presence or absence
of training on the constituent symbols. Of
course, the principles were counterbalanced
over trcatments so that each was used
equally often under each of the four treat-
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ments. All other unwanted factors were
randomized, including presentation order.

Separate measures of learning rate and
interpretability were obtained. Learning
rate was determined by presenting cach
principle for a fixed period of time for study
and testing to see if the Ss could completely
reproduce them in written form. All four
principle statements were shown once before
the next go-through (trial) began. Ease
of learning was determined by the number
of trials it took to learn each principle to a
criterion of two perfect reproductions in a
row.

Interpretability was measured imme-
diately after all of the statements had been
well-learned. To demonstrat his “under-
standing” of the statements, & was required
to apply each of the correspending (under-
lying) principles to two stimulus instances.
For example, one of the problems used to
determine whether S could apply the integer
rule was stated simply, “If x = 8.64 and
y = 324 then...” All four principles
were tested once before the second set of
test problems was given.

Results. The results demonstrated quite
clearly that: (1) symbolic rules are learned
more rapidly, whether the constituent
symbols are familiar or not (p <0.01)— there
were only 2 exceptions (out of 24) to this
generalization, (2) rules, stated in symbolic
form, are applied successfully if and only
if the Ss have been taught how to apply the
constituent symbols (and the necessary
grammatical rules)—there were only 4
exceptions to the sufficiency part of this
generalization and none as regards necessity,
(3) rules, stated in the native Inglish
language, are applied equally well whether
or not training in the use of the correspond-
ing mathematical symbols is given, and (4)
English statements, once learned, are applied
equally as well (in this study, somewhat
better) as symbolic statements in which
use of the constituent symbols has previously
been mastered.

These results are not entirely surprising
but they do, nonetheless, make explicit

at least one aspect of the role symbolism
plays in mathematics learning. The use
of symbolism makes mathematics learning
more efficient when the constitr 1t symbols
and grammatical combining .ules have
previously been mastered. Symbols, of
course, also serve the practical function
of requiring less space in printing. None-
theless, these results suggest that under
certain conditions it may be well to remem-
ber that ordinary English can be used to
teach mathematical ideas.*

Concrete and Symbolic Learning

In the preceding section, the to-be-learned
principles were stated either in mathematical
symbolism or in the English language. Fur-
ther, the principles taught were applied to
symbolic stimuli, symbols which were stimu-
lus instances of one of the arbitrary prin-
ciples. It was determined that a learned
principle statement could be applied only
when the constituent symbols were interpret-
able in terms of their less abstract symbolic
referents. Thus, the ability to use the great-
est integer rule depended on S’s being able
to compute, say [8.64], having been given
the meaning of [X] (i.e., take the greatest
integer in X). In short, we have so far been
concerned exclusively with symbolic representa-
tions; mo concrele, or even iconic, forms have
been considered.

Many stimuli, however, are symbolic
representations of an abstraction with
concrete referents. A stimulus such as

* These results provide a rational basis for making
one type of branching gecision that, while intuitively
obvious, needs to be made explicit in computer-
assisted instruetion.  Given the objective of learning
a particular principle and an expository mode of
instruction, one might proceed as follows: (1) test
to see if S can make use of the constituent symbols;
(2) if so, present. the principle in the more efficient
symbolie form; (3) if not, present the principle in
Iinglish.

Although learner feedback has long been recog-
nized as an important factor in promoting efficient
learning, it has been unelear as what sort of feedback
to measure. The present resulls suggest that specific
sorts of feedback are needed in order lo make specific
kinds of decisions.
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“1 + 34 5+ 7,” for example, symbolizes
an abstraction reflecting the structure of a
variety of more concrele stimulus situations
—e.g., four stacks of pennics, the first con-
taining one penny, the sccond three, the
third five, and the fourth seven; a figure
representing the produce of four coun-
tries, .. Thus, a learned principle state-
ment is at least potentially applicable to
concrete stimulus referents.

Suppose a young child has been taught a
principle which makes it possible to say
“16” when shown “1 + 3+ 5+ 7.” What
happens when he is presented with the four
stacks of pennies and is asked how many
there are? The answer to this question
undoubtedly depends largely on the signifi-
cance to S of the number symbols (i.e.,
numerals) in the symbolic stimulus. If the
numerals refer to properties of collections
of sets, each including a common number
of elements or objects, and “+4” signifies
combining, positive transfer would not be
unexpected. If, on the other hand, the num-
erals and the arithmetic operation of addi-
tion has been learned entirely without con-
crete referents, say with flash cards, one
could feel fairly certain that S would see no
such relationship.

Fortunately, this question can be formu-
lated precisely by characterizing the prin-
ciples involved in the set-function language
(SFL). Assume that the principle, cor-
responding to the symbolic stimulus, has
been determined, by assessment procedures,
tobe (I = {1,3,5 7}, D = {1, 3, 5, 7},
R = {16}, 0 = sequential addition). The
requisite for applying this (symbolic) prin-
ciple, once learned, in a concrete situation
is precisely that principle which makes it
possible to go from the concrete situation
to the corresponding numbers. A com-
posite principle, including this principle,
along with that correspending to the sym-
bolic stimulus above, might be characterized
(I = {1 penay,...,7 pennies}, D = {.. .},
R = {16 pennics}, 0 = translate, for all
%, the property X pennies into the higher
order (more abstract) property @ (the num-

ber), perform repeated addition, and trans-
late z back into X pennics). Learning the
symbolic principle statement, without being
able to recognize its concrete referents, would
be like having an egg shell but no egg.

The relatively simple hierarchical SFL
analysis proposed provides, I feel, but a
prelude to the insights which may eventuate
from similar analyses in other situations.
Even partial clarification of the relative
roles of symbolism and concrete referents
in mathematics learning and performance
could have important practical as well as
theoretical implications and is long overdue.*

Attribute and Operation Cueing in the
Discovery of Mathematical Rules

So far we have limited our illustrations
and discussion to reception learning; that
is, learning which takes place via the inter-
pretation of symbolic statements.t A good
deal of mathematics, however, particularly
in more modern treatments, is taught by
discovery. The typical procedure involves
presenting, one at a time, either stimuli
or stimulus-response pairs corresponding
to the to-be-discovered principle. To de-
termine whether learning has taken place,
the learner is usually asked to give the appro-
priate response to new stimulus instances.
The former type of situation, in which S
is tested repeatedly, is exemplified by,

The sum of the first 2 odd integers, 1 +
3=72

The sum of the first 3 odd integers, 1 +
3+5="2

The learner, of course, would be expected
to discover that the correct sum may be
obtained by simply squaring the number of
terms in the (odd integer) series.

* This sort of analysis may also prove useful in
science.

t As indicated in the previous section, other vari-
ants of reception learning are possible, such as
learning from diagrams or pictures (icons), as in
geometry, and from concrete objects, such as with
Dienes’ multiple embodiments.t

.
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Ostensibly to speed the discovery process,
the teacher or auto-instructor might cue
the critical aspects of the stimuli. Thus,
underlining the number of odd integers
(as above) or printing them in red would
presumably attract attention by making
the cues more salient. Of course, it would
be equally possible to identify the appro-
priate operation (i.e., squaring) or, to intro-
duce various combinations of both determin-
ing (D) and operation (O) cues.

Although a good deal of verbal and non-
verbal cueing goes on during the contem-
porary discovery lesson in mathematics,
there have been very few attempts to un-
cover the basic mechanisms involved.
Whereas, recently, there have been a few
such studies concerned with concept learn-
ing'®!7 and, earlier, with problem solving'
no consideration has been given to principles.
This is indeed, unfortunate since principles
seem to underlic so much of mathematics
learning.

With this in mind, the members of my
research seminar on mathematics learning*
and T conducted a pilot study to determine
the effects of verbal attribute and operation
cueing on the rate of discovering mathe-
matical principles. In particular, the study
extended that of Haygood and Bourne' in
two ways: (I) principles were used instead
of concepts and (2) the operations involved
were arithmetic, rather than logical. The
study was designed simply to determine
whether identifying the determining at-
tributes (i.c., D, the stimulus attributes
which determine the responses) or the ap-
propriate combining operation (i.e., O)
does, in fact, increase the rate at which
arithmetical principles are discovered.}

Method. To minimize the effects of
individual differences, we again used artificial
materials. The stimuli were four-tuples

* Mike Bundrick, John Davis, Rosalie Jensen,
Bob King, Frank Pavlick, and Larry Smith.

t Although the order in which stimuli are
introduced is also used extensively to promote dis-
covery, this factor was not considered in this
preliminary effort.

of numbers [c.g., 4, 8, 9, 3)] and the re-
sponses were simply new integers that could
be derived uniquely from exactly three of the
four original integers by some combination
of two (of the four) elementary arithmetic
operations.

Three principles were used. The de-
termining characteristics and operations,
respectively, were (1) Ay, As Ay () Ay,
A‘.Z) A4; (3) A2y A3y A-I; and (1) X + Y
—2,@0X - Y=+2,08 XY+ Zwhere
the subscripts, 7 = 1, 2, 3, 4, in A; refer to
position in the four-tuple and X, Y, and Z
to place holders.

A 3 X 3 design, with repeated measures
on the second factor, was used. Factor
one involved the type of cue given [none,
determining attribute (D), operation (O)].
The second factor was a composite of the
principle in question and the order of presen-
tation* and gave some indication of the
effects of one discovery on the next. The
36 elementary education majors were ran-
domly assigned to one of the three cue groups
so that & given S was exposed to enly one
type of cue and each S completed three
discovery episodes.

The Ss were told that their job was to
write that number which they thought cor-
responded to the four-tuple shown. They
were also instructed, “There is a procedure
by which you can always determine the cor-
responding number when I show you the
set.” Then, the control group was told,
“To help you discover this procedure as
rapidly as possible, you should try to de-
termine the three specific positions in the
four-tuple and a rule which combines the
numbers in these positions to yield the cor-
responding number.” The attribute group

* No attempt was made to remove this confound-
ing, by counterbalancing principles over order of
presentation, since the study was designed as much
as a learning experience (for my graduate students)
as one of advancing knowledge. To have gotten too
deeply involved in the details of design so early in
their graduate research training could well have been
self-defeating. I wanted them to think of research,
first and foremost, as a conceptual experience rather
than as a composite of technologies.
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was told, ““...determine a rule which
combines the numbers in the (proper posi-
tions inserted) to yield the corresponding
number.”  The rule group was told,
« .. determine the three specific positions
in the four-tuple from which the numbers
X, Y, and Z arc always taken where (proper
rule inserted) yields the correct number.”

After S responded to a given four-tuple,
cither by writing & number or by indicating
he “didn’t know,” the card on which the
four-tuple appeared was turned over cx-
posing the same four-tuple together with
the correct number response. The Ss
were given approximately 12 seconds to
compare the four-tuple with its solution
before the next four-tuple was shown. Ten
such four-tuples comprised one problem
and S’s score was the total number of cor-
rect responses made.

The probability of giving a correct re-
sponse, by chance, without discovering the
corresponding principle was relatively small.
This was evidenced by the fact that once a
correct response was given, S almost in-
variably gave the correct response thereafter.

Results. The results are summarized
in Table II.

Both attribute and operation cueing in-
duced significantly (p < 0.01) earlier discov-
ery of all three principles. But, whereas a
significant improvement, presumably due to
practice, was noted between problems two
and three (p < 0.01), there was essentially
no difference in performance on the first
two problems. This is surprising since so-
called “warm-up” effects typically have their
greatest cffect in the beginning.

More intensive comparisons, however,
indicated that problem one practice signifi-

TABLE I1
Mean Number of Correct Responses
Problem
One Two Three
Attribute 6.6 4.2 S.1
Operation 3.5 7.2 8.7
Control 1.1 0.6 4.0

cantly (p < 0.01) improved operation group
performance on problem two but actually
hindered (significantly, p < 0.01) attribute
group performance—classic cases of positive
and negative transfer. At least two pos-
sible interpretations may be given for the
latter finding. TFirst, having discovered
that some combination of addition and sub-
traction (A; + As — Ay) worked on prob-
lem one, many of the attribute-cue Ss
may have spent too much time trying various
combinations of addition and subtraction
on problem two. Second, the rule, A
. As + A,, needed to solve problem two,
since it involved multiplication and division
as opposed to addition and subtraction,
may have been intrinsically ha-der than
that needed on problem one. Of course,
both interpretations may have some degrec
of truth. Having been given the appro-
priate rules, in both cases, the rule-cue Ss
were not subject to such cffects. Further-
more, whatever response set developed on
the basis of discovering that positions 1, 3,
and 4 were relevant on problem one was
more than compensated for by the practice
afforded.

Clearly, research, aimed specifically at
such questions, is needed to provide defini-
tive information. It is impossible to say,
at this time, that we fully understand exactly
what is involved or, even more important,
what the boundary conditions for these
findings are.

Since specifying boundary conditions has
all too frequently been passed over or, ab
most, been paid ambiguous lip service in ed-
ucational research, I should like to emphasize
one point about these results. It is doubtful
that attribute cueing will ever be shown to be
unconditionally better than operation cueing
or vice versa. What future research may be
expected to do, however, is to specify the
conditions under which each will be superior.

An Analysis of Learning Mathematics
by Bxposition and Discovery

With the machinery and body of data
built up, we are now in a position to provide

el N
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a fairly detailed analysis of learning by
exposition and discovery. Because of space
liruitations, I shall limit my analysis to the
question, “Is 1t better to learn by exposition
or by discovery and, if there is no unique answer
to this question, what are some of the conditions
under which a particular method will be
better?”’ In this regard, only the contention
that learning by discovery enhances the
learner’s ability to solve new problems will be
considered. Before attempting to answer
this question, let me reemphasize the dif-
ferences between reception learning and
learning by discovery.

Reception learning involves the encoding
of information presented directly to the
learner. Usually, but not necessarily, such
information is presented in statement form.
Understanding is said to occur, if having
learned a statement so that it can be *‘par-
roted back” on cue, S is also able to use it to
successfully determine the responses to the
specified set of stimuli. As formulated in
the SFL, S is presented with a statement
that may be put in the form, “If I’, then
0’(D’) = R’.” Then, having men:orized
the statement, S is testec n stimuli ar-
bitrarily selected from the domain (i.e.,
the set of stimuli) of the corresponding
denotative principle, {(S;, R,)Iz’eI}.

Learning by discovery, on the other hand,
requires that the learner abstract the com-
mon principle from a subset of the S-R pairs
in the set { (S, R,)IieI}. He must, there-
fore, identify the determining characteristics,
D, the operation, O, and, if required to
discriminate between exemplar and non-
exemplar stimuli, he must also determine
the identifying characteristics, I. In effect,
while reception learning presupposes the
ability to interpret and apply that informa-
tion represented by the symbols I’, D’,
O’, R’, learning by discovery requires the
ability to identify, in a nonverbal fashion, and
to use I, D, O, and R.

Unfortunately, most existing studies com-
paring exposition and discovery have little
to say about whether discovery eunhances

the ability to solve new problems as is so
often proposed by pedagogical enthu-
siasts.’%® Suppose, as is often done, the
exposition group is presented directly with
a rule or principle whereas the discovery
group is simply presented with stimuli,
to which the principle relates, and required
to determine the responses.* Presumably,
this is accomplished by discovering the
associated principle. The two groups are
then frequently tested with the original
stimuli (e.g., problems), new stimuli within
the domain of the principles involved, and
stimuli requiring new principles for their
solution. What is gained by comparing
the expository and discovery groups on
several measures, however, 15 10st in another
way. Whenever differences in performance
on within-scope problems are found, com-
parisons on any more general transfer tests
will necessarily be inconclusive. Thus, ob-
tained differences in the ability to obtain
solutions to new problems, based on new
principles, might equally well be due to
differences in original learning as due to
any advantages inherent in a method itself.
In short, such studies can never hope to
determine whether discovery methods ac-
tually improve the learner’s capacity for
dealing with new problems.

To make a valid comparison of the sort
described, exposition and discovery groups
must be equated on original learning.
Suppose experimental Ss are set with the
task of learning several principles. In
this case, the appropriate tasks on which
to equate exposition and discovery groups
are those which require the ability to apply
the principles taught (or discovered). As-
suming the necessary equivalence, tasks,

* It is not uncommon in such studies, in fact,
rather typical, for the rule-given group to perfoin
better on within-scope problems. The symbolism
study, described above, however, demonstrates
quite clearly that this need not necessarily be so.
If the constituent symbols are not familiar to the
learner, his performance on within-, as well as extra-,
scope test problems may be expected to be uniformly
poor.
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requiring new principles for their solution,
may be posed to compare the groups as to
the ability to deal with new problems (based
on new prineiples).

In order to predict hew exposition and
discovery groups would fare on such tasks,
explicit consideration must be given to what
is required of the learner in the two situa-
tions and the naturc of the transfer prob-
lems. Discovery Ss must learn how to derive
principles (those involved in the learning situ-
ation) in order to achieve criterion; exposi-
tion Ss may not. Making predictions, then,
really boils down to what discovery Ss learn
that exposition Ss might not. 1t ‘< likely that
discovery Ss, in attaining criterion, may dis-
cover a derivation principle by which new
principles, similar to those originally learned,
can also be derived. In this case, discovery
Ss might be expected to perform better than
expository Ss on tasks which can be solved
via principles within the scope of the deriva-
tion principle discovered. On the other
hand, discovery Ss would probably have no
special advantage on problems, requiring
for their solution, principles beyond the
scope of this derivation principle.

Suppose, for example, that exposition
and discovery groups are set with the task
of determining the sums of number series
—long series so that it is infeasible to per-
form sequential addition. I'urther suppose
that two formulas (i.e., rules), say n? and
n? + n, will suffice for all of the learning
series. The discovery Ss, of course, would
have to discover these formulas whereas they
would simply be presented to the exposition
Ss.  Assuming equal mastery by the two
groups, one would make the following pre-
dictions. If the formula for obtaining the
sum of a new transfer series may be derived
in the same manner (i.c., via the same deriva-
tion principle) as the two original formulas,
then the discovery Ss may be expected to
demonstrate superior ability. If not, nosuch
difference may be expected.

Consider a second example in which the
Ss are to demonstrate their ability to, say,
construct one of those models corresponding

to cach of two finite geometries.* Suppose
the corresponding axiom systems are:

A. 1 there exists at least one point.
2 each point is on exactly two lines.
3 cach line contains exactly two points.
4 two points determine at most one
line.
5 there are no two lines not having
a point in common.
B. 1,2, 3, and 4 identical to system A.
5 to each line, there corresponds
exactly two lines which do not have
a point in common with it.
then, the models

correspond to systems A and B, respectively.

The task posed might be viewed as in-
volving two discrete principles, each having
a denotation cousisting of one stimulus (i.e.,
list of axioms) and one response (i.e., model).
If the exposition Ss are presented with the
models directly while the discovery Ss
are required to derive them, it would not be

surprising if the discovery Ss could derive
the model

and

* It is assumed, of course, that referents, such as
“n o and “~", have been assigned to the unde-
fined terms.
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for the system,

C. 1, 2, 3, and 4 identical to systems A
and B.
5 to cach line, there corresponds
exactly one line which does not
have a point in common with it,

while the exposition Ss could not. On the
other hand, an axiom system of the form,

D. 1 there exists exactly nine points,
2 each line contains at least three
points,
3..,

might well pose equivalent difficultics for
both groups.

It appears, on analysis, that these experi-
ments were rigged in favor of discovery.
The discovery Ss were required to learn a
principle(s) for deriving solutions; the ex-
position Ss were not. Of course, nature is
not always as simple as we would like so
that it is, indeed, highly encouraging *" . a
well-controlled study by Gagné and Brown?!
provides strong support for the essential
correctness of the analysis proposed. Learn-
ing by discovery does, in fact, seem to im-
prove ability to solve new (presumably
within-scope) problems when original learn-
ing is controlled.

Nonetheless, consider what happens when
we bring guidance into the discovery situa-
tion. Hints might be given, for example,
to cue the determining attributes, D. They
might also be used to direct the learner
towards the appropriate combining opera-
tion, O; or, towards I. In fact, the Ss might
be given all of this information directly.
But, then, is not this semething very much
akin to teaching by exposition? It would
appear to be at least theoretically possible to
present derivation principles in an expository
manner rather than to depend on discovery.

So far, I have avoided the $64 question—
just what are derivation principles and can
they be stated in expository form? It turns
out that derivation rules can be specified for
the illustrations cited. The rule for deriving
formulas for obtaining the sum of any arith-
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metic series can be stated, “Write above and
below each term of the series, respeetively,
its position number (n) and the cumulative
sum of the series through that term of the

n
series (Z), consider the sequence of ratios,

n

=/n, and express (via induction) the general

term of this sequence, as a function, f(n), of
n

n
n, then Z/n = fn) so £ = n-f(n) from
which the sum of the (presumably too long
to add) series may be determined by substi-
tution.”*

A still simpler derivation principle would
work in the case of the finite geometries
example. Let the determining attribute
be the number of lines not having a point in
common with a given line (axiom 5). The
combining operation, O, would be that
mapping which takes this number into a
regular polygon with three more sides than
the number in question. Whether this
specification concurs with what the reader
feels that a mathematics student should learn
in such 3 situation is not the point. I, too,
would be unhappy if this is all he learned.
The point is that he could solve the problems
posc.d, armed only with the simple derivation
rule indicuted.

As suggested by the results of the sym-
bolism study, being able to specify and state
a higher order derivation rule in verbal
(i.e., symbolic) form may not always be
sufficient to insure learning. Among other
things, the language used must be inter-
pretable by the learner. S might not, for

* This derivation procedure closely parallels that
used in Gagné and Brown’s discovery treatments.?!
The author is indebted to Robert M. Gagné for
making his original materials available for analysis.

Such formulas, or better still the sums, might also
be derived directly from the formula [(A + L)/2]N.
where A refers to the first term of the series and L,
the last. To correspond to this “higher order”
exposition treatment, of course, a discovery treat~
ment would have to be constructed so as to guide the
learner into discovering some equivalent of [(A +
L)/2]N.

1 One way to get closer to a ““more desired” sort of
learning may be by imposing additional performance
restrictions. See the next section.

how emm - ww




PSYCHO-MATHEMATICS 271

example, know to what the symbol “Z”
refers. Unless the derivation rule can be
specified in a symbolic form that the learner
can correctly interpret, there is no alterna-
tive to learning by discovery. If, on the
other hand, a comprehensible symbolic
(or iconic) representation can be given, the
question of whether exposition or discovery
is to be preferred will depend on factors,
other than immediate performance capa-
bilities, such us learning efficiency and
retention—two questions to which we have
not addressed ourselves.

In many other cases, of course, it may be
impossible to identify an appropriate deriva-
tion principle due to the complexity of the
situation. Under these circurnstances learn-
ing by discovery would be indicated.

Insofar as performance capabilities are
concerned, this analysis has not, as yet,
been tested. ‘The empirical results obtained
in the “real world” may, as they often do,
indicate inadequacies in the analysis. Wil-
liam Roughead and I have an experiment
underway which hopefully will help provide
further clarification.

Summary and Concluding Remarks

Let me first summarize briefly the basic
characteristics of the set-function language
(SFL). The principle, rather than the
association, is assumed to be the basic be-
havior unit. Principles were defined as
units of acquired knowledge which make it
possible o give the appropriate response, in
a class of responses, to each stimulus in a
class of stimuli. In effect, the denotation of
a principle (a function) is a set of ordered
S-R pairs such that to each S exactly one R
is assigned. If the responses in the denota-
tive set are all identical, then the resulting
principle is commonly called a concept. If
only one S-R pair is involved, an associalion
results.

The essential nature of any principle
(i.c., internalized element of knowledge)
can be characterized by an ordered four-
tuple (I, D, O, R) where I refers to that set
of stimulus properties (or dimensions) in-

dicating when the principle is to be applied,
D refers to the set of stimulus properties
(or dimensions) from which the response
dimension, R, is derived, and O is the com-
bining operation or rule by which R is
derived from the properties in D. In the
case of the association, the properties in
I and D are not only identical but may be
viewed as simply referring to the stimulus
itself. In concept learning, the correspond-
ing properties refer to classes of stimuli.
In principle learning, the properties refer
to dimensions having values which are prop-
erties of a class of stimuli (e.g., X is a di-
mension referring to the numbers 2, 5, .. .).

To emphasize the distinction between
the four elements characterizing a principle
and symbolic representations of these ele-
ments, the latter arc represented by primes.
Any principle can be stated in the form,
“If I/, then O'(D) =R".”

Let me reemphasize why I feel that some
such language is needed. Much of the
research in mathematics education, to date,
has been of a fragmentary nature. A
fundamental reason for this situation is that
the wrong variables have too often been
studied. By selecting easy to specify pheno-
typic variables, theory development has
been made unnecessarily difficult.  Although
chronological age, for example, has been
demonstrated to relate to a wide variety
of behavioral phenomena, it is not an under-
lying cause. Time does not cause anything
but only provides an occasion for things to
happen. Age may, however, covary with
underlying causes—e.g., the prerequisites
for a given bit of learning. Integrative
theories, leading to a more profound under-
standing of mathematics learning and teach-
ing, can only be hoped for if more emphasis
is given to the study of such underlying
(genotypic) variables. Mathematics learn-
ing depends so critically on what the learner
already knows and can do, what information
is presented, and the test problems proposed
that it seems unlikely that any profound
understanding will eventuate from research
which does not take into account the re-
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lationships involved. This will, of course,
include a careful analysis of the mathe-
matics itself, but cannot be limited to it.

A precise language, like the STL, may
not only help to guide the researcher in
his quest for new and hopefully important
questions but may be of even more help
in formulating his questions in researchable
form. Such a language may also help guard
against the inappropriate generalization
of research findings. One of the most im-
portant limitations of educational research
has been that so little attention has been
paid to determining the boundary conditions
under which certain results will and will
not obtain. Equally important, the SFL
helps fill the gap between the highly con-
trolled studies of the learaning laboratory
and the more encompassing but less well
specified research of the mathematics edu-
cator. If nothing else, it may set the
psychologist to wondering whether he has
been studying the right things and the
mathematics educator to searching for
better and more precise means for coming
to grips with his research problems. In
particular, it is hoped that some guidelines
will have been provided for the relatively
inexperienced investigator and some food
for thought for the active research worker in
psycho-mathematics.

In spite of its relatively rigorous founda-
tion the SI'L has been used sparingly in the
analyses and research described above. In
relatively few cases was the language used
formally. Such sparing use, however, is
not unusual for scientific languages. Chem-
ists, for example, refer to structural models
only when needed to clarify difficult points;
experimental psychologists use the S-R
symbolism in a similar fashion. The im-
portant point is that by having a precise
language to resort to when needed, fewer
misunderstandings and more continuity
of effort are to be expected.

Needed Research

Do I think that the SFL, in its present
form, is sufficient to deal with most mathe-

matics learning? Hardly! In the first
place, many of the analyses proposed have
not been put to experimental test. As
we have seen in the study on rule generality
a seemingly logical analysis of the situation
is not necessarily fully reflected in the
learner’s performance.  Psychology, in
effect, is not logic and logic is not psychology.
What frequently happens is that an analysis
points up new questions, these questions are
put to behavioral test, and the results in-
dicate discrepancies in need of further
analysis. This is the method of behavioral,
nay any, science.

More important, in my quest for depth,
I have had to sacrifice breadth. Let me
list what I see as some of the most crucially
needed research. First, no attempt has
yet been made to extend this approacl to
deal with instruction which simultaneously
involves several objectives.® Increasing
the number of behavioral objectives im-
poses additional constraints on the nature
of the learning to be achieved. Theacquired
knowledge must make it possible to perform
successfully on a variety of tasks.

Second, complex problem solving and
proving theorems, in which there are several
stages, have not been considered. Examples
have only been given for those cases in which
the combining rule, O, was effectively an
algorithm. Nothing was said about heu-
ristics, those procedures which might, but
will not necessarily, lead to a solution. As
the reader will no doubt have noticed, even
the earlier references to constructing models
of finite geometries was reduced to a rather
benign one-step principle.

Third, the question of whether the SFL
can be used to deal with highly complex
forms of interrelated knowledge is still
open. A good deal of mathematical per-
formance is apparently based on the acquisi-
tion of internalized models or images. On
the basis of such knowledge, the learner
can frequently respond appropriately to
questions concerned with a whole class of
principles rather than simply one. The
problem is further compounded since, as
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Easely?® has argued so pervasively, there
are important relationships between the
various levels of mathematics learning: (1)
concrete models, (2) the mathematical
theory, itself, and (3) a suitable set of rules
governing the syntax of the mathematical
theory (i.e., a suitable logic). Can such
learning be represented in the SFL and, if
so0, how?

Fourth, the SFL says little or nothing
about efficiency or time to learn. Here,
as was suggested in the last section, is where
learning theories must play an important
role.?

These are just four of the critical problems
that need to be solved if a precise theory of
mathematical learning is to be invented.*
How they are to be solved, of course, is not
entirely clear. Perhaps the procedures of
task analysis? may be extended to deal
with multiple objectives. Composite prin-
ciples (i.e., functions) could well prove useful
in dealing with problem solving and proving
theorems, the component principles being
used to represen$ individual steps in multi-
stage processes where the effective stimulus
is continually changing. Even heuristics
may, in fact, turn out to be nothing more
than sequences of algorithms.

Whatever the truth may be, we will
never know unless many more mathematics
educators are attracted into the prenatal
field of psycho-mathematics.

This research was supported in part by the U.S.
Office of Education.
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